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TRIGOMETRY. 


| Shewing how by a Brief and Eafie Method, 


all that is Neceſſary and Uſeful in Exchae, 


Archimedes, Apollonius and other Excellent | 


Geemetricians, both Ancient and Modern, 
may be Underſtood. 
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Fourth and Laſt Edition. 
By John Harris M. A. and F. R. S. 


With many Additions, and Improvements : The 


whole being Accommodated to the Capacities of 
Young Beginners, 


London, Printed by F. Matthews, for R. Knaplock at | 
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M y ED Friend 
Charlie Cox Eſquire, 


8 of Parliament for the 
Burgh of Southwark. 


Dear SIR, 
. Mons the many Obligations you have 


conferrd upon me, ] account it not 
the leaſt, that you Vide given me 4 
Riſe to revive my Mathematical Studies; 
iin mhioſ as I have formerly ſpent ſome time, 
ok ſo I kao of 20 more Uſetul w ay of employ- 
ing my leaſure Hours. 

Ard inleed Sir, the Diverſion and Ad- 
vantage I have lately reaped from them hath 
(by the Divine Bling) both ſupported me 
under, and in a pood Meaſure carried me 
through ſich Preſſures and Difficulties as I 
once almo it Deſpaired of Surmounting. 


A} 75 


The Epiſtle Dedicatory. 
The Mathematick Lecture which you 
have fet up Gratis in your Burgh, i 4 De- 
monſtrative Proof both of your ſincere Endea- 
vour to promote the Good of your Country, 


and alſo of your Capacity to do it the beſt way, 
And I hope to fee fuch Effects from fo Gene- 


rous 4 Deſign, as will render your Name 


juſtly Honourable to Poſterity as welt as to this 
preſent Age. Sir, you know your Self and 


Me too well to take this for Flattery. Ties 


what Truth, Juſtice and Gratitude Oblige 
me to ſay. 


T1 ſhall only add, that I am glad of this op- 


 portunity to ſhew the Juit Efteem I have of 


your Merit, and the equal regard I have for 
your Friendſhip, I am Ms 


SIR, 
your moſt Obliged 
Hutable Servant, 


Jobn Harris. 
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Author's Preface. 


Hoſe who ſhall compare the ſmall Bulk 

of this Book with the bigneſs of its 
Title, may perhaps at firſt; be diſ- 
couraged from Reading it, by the diſpropor- 
tion that appears between the one and the o- 


ther. And they may be enclined to fear, that 


ſuch extraordinary Promiſes and Pretences 
are to be taken for the too Conſident Expreſ- 


tions of one who hath raſhly undertaken what 


he knows not how to perform: . But I beg of 
them a little to ſuſpend their Judgments, and 
then they will had that I do not here Pnblith 
much above half The Elements; and that of the 
XVI. Books which the whole ought to contain, 
have now ſet forth but IX. The Reaſon cf 
which is, that the others Explaining what t5 


moſt Profound and Sublime in the cxtraordi- 
nary Inventions and Improvements 0G comerty, 


arenot ſo neceſſary tor thoſe who would begin 
to learn that Science. Nevertheleſs in theſe 
firſt Books, we have not omitted any thing 
that is Good and Uſeful throughout the 15 


Books of Euclid; and we have added belides 


what Archimedes hath Demonſtrated of the 
A 4 Qadra- 


Their way is ſo long and difficult, that cry rew 
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Quadrature of the Circle; the Squaring of 
Hippocrates his Lunes, the Doctrine of Loga- 
rithms, Sines, Tangents, Secants, &c. and 
many other things of that Nature. You may 
ſee here thoſe wonderful Properties of Num- 
bers which Euclide hath Demonſtrated in the 
Seventh, Eighth and Ninth Books of his Ele- 
ments. You may learn here the Demonſt ra- 
tion of Incommenſurable Quantities, which per- 
haps is the greateſt Effort, the Mind of Man 
is capable of; ſince by ſearching into the Poſſi- 
bility of Things, it diſcovers with the greateſt 
Clearneſs, what is, and what is not. And that 
among the infinite Multitude of Compariſons 
(or Ratios) that there are, afl which it ſees 
Poſſible to be between two Magnitudes, it 
Demonſtrates with indubitable Certainty, 
that even God himſelf doth not ſee any one 
of them, capable to be a Common Meaſure to 
thoſe two Magnitudes. But while ſuch kind 
of Demonſtrations are fine, they muſt be 
owned to be very Difficult. 

Thoſe to whom we are Obliged for ſo great 


a Diſcovery, have not ſhewed us any other 


way, than what they went in themſelves, whe- 
ther in Reality they knew no other way; or 
whether they were deſirous we ſhould try part 
of their Pains; and ſo gain a more delightful 
Tafte and Reliſh of the Pleaſures of that New 
World which we have now Diſcovered with 
greater Labour our ſelves. - Be that as it will: 


have 


1 
uf * ! 
= 
' 
© WY 
„ 
41 
ET 
* 
. 
0 1 
* 
- of 
12 
LS 
"= 
o 
, | 
L 
126 
” 
4 
4 
£ 
* 
CH 
s 
* 


* 3 : 
. — — — DN . 
— neee 0 — 
Lo =" « $6: ON 2 ; d * 


The Authors Preface. 
have been Maſters of ſo much Patience and 


Conſtancy, as to bear the Tedionſneſs' of it, 
or ſo much ſtrength as to get over the Fatigue. 


0 I know not whether I may dare ſay, that I 


have been ſo happy as to diſcover a ſhorter 


F way. That will be no very great Honour for 


me: A daring ordinary Sailor is ſometimes 
more Lucky in making new Diſcoveries, than 
the moſt Skillful and Wile Pilot. And bare 
chance-may help him to find, by a Tempeſt, 
that which he would never have known how 
to. have Diſcovered by all his Knowledge of 
the Sea. It may be alſo, that running, as I 
have done, over thoſe vaſt Oceans of Geome- 
try, Fortune might guide me into fome new 
Path, unknown to thoſe great Men that have 
gone before me. I don't pretend neverthe- 
leſs to Attribute ſuch good Luck to my ſelf : 
But thisI may ſay, at leaſt, that the way which 
I rake to come to the Knowledge of Jncom- 
menſurables, is very ſhort and eaſie; and that 
by the ſmall Attention which 1s neceſſary only 
to Read over four or five ſmall Pages, ſome- 


thing may be Comprehtended, which very few. 


' 
TI "FRE 


Perſons, even of thoſe which have look'd into 


> Geometry,are capable to underſtand without it. 


After this, I Treat of the ſeveral Kinds of 


Progreſſions, aud inſiſt more particularly on 
thoſe two Celebrated ones Arithmerical and 

3 Geometrical, which comparing together, I 
Diſcourſe of Logarithms, and Diſcover an 


Artifice, by the help of a Geometric Line, 
* 1 which 
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which will be very uſeful in Algebra, for Re- 
folving Problems of all Dimenſions. This is 
that Line by which formerly I Squared the 
Hyperbola; and that which one of my 
Friends ſhewed me a little while ſince, which 
hath been Publiſhed in the Engliſh Philoſophi- 
cal Tranſactions about this Matter by ſome ve- 
ry learned Geometrictans, did not at all ſur- 
priſe me; but rather made me think, that 
thoſe Gentlemen were not willing to Commu- 
nicate to us, all they could ſay on that Subjea. 
I finiſh this Ert Part, with the Practice of 
Geometry; which ought to have been the 
laſt Book of all the Elements. Where, beſides 
thoſe Problemt and Practices that are moſt eaſie 


and common, Ihave given alſo the Principles 


of Meaſuring of all Magnitudes; of taking the 


diſtance of Jnacceſſible Places, and of drawing 


the Plane and making a Map of any Place or j 


Country ; of findiag the Sines, Tangents and 
Secants of all Angles; and in fine of obtaining 
the Knowledge ot all that, which is called 
Practical Geome- 

After this I ſhall give you, in ſo many ſeve- 
ral Books „Algebra, Conick-Sections, Sphericls and 
Starict. But above all I Eſtabliſh five or fi 
General Rules, by which afterwards as by ſo 
many Corollaries, you may Demonſtrate an 
infinite Number of Propoſitions, which now 
pals for very great things in Geometry. By 
theſe may he diſcovered the Nature and the 
Meaſures of thoſe Afymprorique Spaces, the 
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The Authorꝰs Preface. 
Knowledge of which is the moſt wonderful 
thing in the World; and which ſhews very 


clearly both the Mighty Power and the Spiri- 
tual Nature of our Souls; becauſe by the ſole 


Light of the Mind, penetrating beyond In- 


| finitely, it diſcovers ſo clearly thoſe things, 


which no ſenſible Experience can bring to our 
Knowledge, nor any Corporeal Power alone 
enable us to perceive. Theſe Spaces are an 


\ Extenſion actually Infinite, Comprehended be- 


tween two Lines, which tho' Infinitely Predu- 
ced, yet will never meet (though, as he ſrould 


have ſaid, they continually approach . nearer - to 
= eachother). From whence they derive their 


Name of Ahmptotes. Notwithſtanding, we 


[ by the help of the Organs of our Body; we 


Demonſtrate that theſe Spaces, tho Infinite 
in Length, are nevertheleſs equal toa Circle 
or to ſome other determinate Figure. So that 
even an Infinite thing, tho? Immenſe and In- 
numerable, is brought within the Calculation 
and Meaſure of Geometry, and our Mind, which 
is yet greater and more Capacious than it, is 
able to Comprehend this. 

Of all Natural Knowledge that a Maa can 
acquire by his own proper Reaſoning, doubt- 


leſs the moſt admirable is this Comprehen- 
lion of Infinite: And I don't ſee any thing 


more proper to Convince us of the Exiſtence 
of our (Immaterial) Souls; and to make us 
conſider, that beſides that material Faculty 
which we have to Perceive or Imagine things, 


have 
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have ſomething in us that is entirely Spiritual, 


which can Think, and which can Reaſon, and 


which the greateſt of all Philoſophers calls, | 


A Power Independent upon the Organs, ſeparate 
from Matter, and by no means deriving its Ori- 
ginal from our Body. In Reality, whatever Ef- 


fort we make to Imagine Ifinite, we ſhall ne- 
ver be able to compaſs it: And as long as we 
keep to Imagination only, we may gain an I- 


dea of a Space vaſtly Extended, but it will be 
always Limited : Becauſe the Imagination be- 


ing, properly ſpeaking, a Corporeal Power, 
which repreſents nothing to us but by Fancy, 


and by ſenſible Images, it muſt needs be its 


felf, even as a Body is, Limited in its Repreſen- | 


tations. And as no Draught can repreſent to 
our Eyes a Space actually Infinite, becauſe that 
which is bounded within a certain Space can- 


not contain that which hath no Bounds or Li- 


mits ; fo the Imagination being nothing but 
a Draught or Picture that reprefents to us I- 


mages, indeed very Subtile, but always Mate- 


rial, it can ſhew us nothing but Cor poreal and 
Limited things; whatever is Immenſe and In- 
finite, not being Poſſible to be contained with- 
in the bounds of a Corporeal Repreſentation. 
Imagination therefore can by no means reach 
up to that Power which Repreſents to us la- 
Folty. But then on the other hand, that De- 


monſtration which we have of the Nature 
and Properties of this Immenſe and Infinite- 
ly extended Aſymptote, convinces WE 'Y 
ps 358 i that 
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that we have in us a Faculty capable of Repre- 
ſenting to us this Infinite Extenſion. For as 
in Order to Meaſure, by Scale and Compals, a- 
\ © ny Figure drawn upon Paper, that Figure 
miuſt be Repreſented to my Eyes, and to be 
come at by my Hand, ſo that applying my In- 
ſtrument to its Angles and Sides, I may take 
all its Dimenſions, and thence Determine its 
'Y , Magnitude: So alſo, that by the Rule of my 
© > Reaſonl may take the Meaſures of this Aſymp- 
tote Space, tis neceſſary that I ſhould havean 
exact Idea of it in my Mind: And that this 
* fame Mind applying it ſelf, as I may fay, to 
this Idea and to this laternal Figure, it may 
take its Dimenſions, determine its Magnitude, 
and Demonſtrate its Properties. We ought 
then to know, that we have in us clear and 
* diſtin& Ideas-of Infinite Extenſion: And that 
* conſequently, that Faculty which can repreſent 
it ſo tous, as nothing that is Corporeal can do, 
muſt be a Power purely Spiritual and diſtinct 
from Matter: So that Geometry by one ſingle 
_* Demonſtration, proves both the wonderful 
Properties of Nature, and the more Important 
= Truths of Morality. | 
> ShallLventure to go yet a good deal farther? 
2 And to ſay that in this ſame Demonſtration we 
find alſoan Invincible Proof of the Exiſtence 
of the Deity ? I know that the Divine Nature 


is an Abyſſe of Light, diffuſing bimſelf every 
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pid; But I know alſo to what a Pitch the Im- 
piety of our Libertines is arriv'd : Who not 
being able to reſiſt the Convictions of their 
own Minds, nor to anſwer themſelves: They 
endeavour to Elude, outwardly, the De- 
monſtrations that others bring againſt them, 
by entrenching themſelves within the difficul- 


ties of Eternity ; and they think to be very 


ſecure and ro lye cloſe under the Infinite Mul- 


titude of dependent Cauſes, and to find always 


a Place of Refuge in the Eternal Chain or Suc- 
ceſſion of Events and Productions. 

But Geometry by the manifeſt Example of 
the Aſymptotes, demonſtrates Invincibly, 
that even in that pretended Chain or Succeſli- 
on of Cauſes Subordinate and Dependent one 
upon another Infinitely, you muſt neceſſarily 
come to ſome firſt (Caxſe or Nature): Which 
becauſe Concurring with all thoſe particular 
Cauſes, and Correſponding to all Times, is al- 
ſo it ſelf Infinite and Eternal, and tho” not 
producing any of theſe Cauſes without the 


Concurrence and Determination of others; 


yet is nevertheleſs the General Cauſe which 


produces and conſerves all things. 


Perhaps, after all, it will be thought, that 
I have put things here only by way of Abridg- 
ment ; and that this Geometry may help the 
Memories of thoſe who have already learnt 
the Science, but will not ſerve to inſtruct thoſe 
who have a mind to learn it. I declare that 


Was 
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was to make any Abridgment. -I always in- 
rended to compoſe a Treatiſe of Geometry 
for young Beginners; by the help of which, 
even thoſe which had never heard of Mathe- 
maticks might underftand in a little Time, 
not only that which is moſt neceſſary in Geo- 
> metry, but even that alſo which is more Ab- 
ſtruſe and Sublime. I know that on this Sub- 
ject, the ſnorteſt Books are not always the 
cleareſt ; and among thoſe many which pre- 
tend to render the underſtanding of Euclide 
calie to us, many have leſſen'd the Volume; 
but all have not by that means much ſhortned 

the Time one muſt ſpend to Underſtand him. 
Amongſt all the Commentators on that Book, 
the longeſt, I think, is Clavius, and Father 
Furnier is the ſhorteſt : Yet I am perſwaded 
more time muſt be employ'd to Underſtand 
* Fourniers Enclide, then Clavins + So true is it iu 
Geometry, that we ought not to Meaſure the 
Time of Learning the Science by the ſmallneſs 
or greataeſs of the Volume. Thus in this 
- Delign, which I Publiſh as a means to render 
the Knowledge of this Science as eaſie as is 
pPoſſible, Ihave not ſo much Studied to be ſhort 
in what have written, as to render my ſelf 
6 Intelligible in the method of my Proceeding: 
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And it this Book appear very ſmall, it is ſo, 
not from the Brevity of particular Demon- 
_ 7 Erations, but from the Facility of the gene- 

+ ral Method, | A . 


For 
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For it ouglit to be obſerved that one of thoſe 
things which render the Reading of Euclide, 
and other common Authors, ſo very difficult 
and tedious, is, that by that rigorous Exact- 
neſs which won't permit them to paſs any thing 
by Un-demonſtrated, how eaſie ſoever it ap- 

ars otherwiſe, it often happens that what 
would have been Clear and Plain, if barely 
conſider'd by the Mind, and the truth of which 
would Naturally and at firſt Sight appear, be- 
comes very Difficult, Tedious and Obicure, 
when needleſly reduced to a regular Demon- 
ſtration. Moreover we find often times, that 
Euclide, for the Demoyſtrating one important 
Propoſition, ſhall make uſe of a long Chain of 
others, which have no other Uſe but to De- 
moaſtrate that Principal one. 

If then by a bare Expoſition, the Truth 
may be made appear without giving one ſelf 
the trouble of Demonſtrating that, of which 
we are ſatisſied; and without Spinning out 
Diſcourſes which ſeem to be of no other Uſe 
but to make us miſapprehend that, which we 
could- not be Ignorant of without them ; A 
great deal of Pains may be ſaved. Alſo, if 
we can all at once Demonſtrate thoſe Impor- 
tant, Capital Propoſitions of Euclide, with- 
out ſuch a long Chain of preparatory Demon- 
ſtrations, we ſhall doubtleſs by that means Re- 
trench many Uſeleſs things. And this is what 
I think I have done in many Places; Demon- 
rating by one, what ordinarily uſed 3 be 

| | ons 
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The Author's Preface. 
done by a tedious Chain of many Propoſitions. 
Another means of Abridgment I have uſed ; 
which is reducing things under certain Gene- 
ral ( Heads and) Principles ; which I have 
done, not only in this Book, where by five or 
ſix General Rules I Demonſtrate an infinite 
Number of Propoſitions; but alſo in many o- 
ther Places: As when treating of Conick- 
Sections, I Demonſtrate the Properties of Four, 
by any one Property peculiar to one ſingle 
Section. v. gr. Conſidering all under the Pro- 
perties of the Ellipſis; I ſay that a Circle is an 
Ellipſe whoſe two Focus Coincide : That a Pa- 
rabola is an Ellipſe whoſe Focus are infinitely 
diſtant from each other: And that the Hyper- 
bola is an Ellipſe, whoſe Focus are more than 
infinitely diſtant. And this laſt is good Senſe 
as I explain it in that place. 
Some one doubtleſs may think itamiſs, that 
[have omitted the common Method of Rang- 
ing the Definitions, Principles and Propoſiti- 
ons; and he may believe perhaps that I have 
wrong'd Geometry by it, In taking any thing 
from a Science, which hath always been coun- 
ted moſt Perfect and Exat. Another may 
Reproach me for retaining ſome Old Faſhion 


= Demonſtrations, after that the Moderns, 
= by a Politeneſs ſo proper to our Age, have 


y 


2 given us Demonſtrations much more Natural, 
and ſhewed us the difference between Erlight- 


4 ning the Mind, and Convincing it. I may be told 
Alſo, that I have been negligentia many things, 
| a 


That 
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That have advanced many Propoſitions with- 


out Demonſtrating them, that I often cite 
Places, which do not directly prove the Point 
in Queſtion, and that [| make uſe of the Con- 
verſe, and of the ſame Propoſi tion, indifferent- 


1y. To all which 1 anſwer in one word, that 
in the deſign which I had to Teach Geometry 


with all poſſible Eaſineſs, the way which I 


| have gone, ſeem'd to me moſt proper: But 


nevertheleſs that ſhall not hinder me from pro- 
fitiag by the Advice of thoſe intelligent Per- 
ſons who will be ſo kind as to give it me. 

But I find, that while I profeſs to be ſhort 
in the Book, I have been too long in the Pre- 
face: Therefore I ſhall not ſtay now to ſhew 
the great Advantages of the Knowledge of 
Geometry : Only this! ſay, that if ever there 
be any Advantage or Profit to be had in the 
Study of Natural Learning, or in the Practice 
of Arts; Geometry is abſolutely neceſſary to 
gain both. Tis well known to what an Height 
the perfection of Arts is arrived in our Age, 


and with what Penetration the moſt hidden 


aud profound Matters of Phylicks have been 
Dived into and Diſcovered. Inſomuch that 
"tis found now a days, that Geometry is as ne- 
ccljary every whit as Mechanicks; which are 
nothing but Geometry applied to Local Moti- 
on. And thoſe Writers whoſe Books are now 
molt in Vogue, are unintelligible to one that 
hath not both theſe Sciences. As for Mecha- 
nicks, | have given it you in one Part of on 
Element 


- 


f 
3 
| 


The Authors Preface, 


Elements, under the Diſcourſe on Local Mo- 


tion, Which I ought not to be aſhamed to 
own for mine: And I hope that with what I 
have now publiſh'd in this Book of Geometry, 
there will be two good helps towards Under- 
ſtanding the Phylicks of this Age, and to 
judge thoroughly of it. And perhaps it may 


be found that thoſe who have had the Repu- 


ration to have built their Philoſophy on the 
foundations of Geometry and Mechanicks, 
are not always Unſhakeable : And that the 
ſame thing which hath ſerved to make their 
Learning valuable, may help to diſcover their 
Errors. 

I would Advertiſe my Reader alſo, that I 
by no means pretend to be the Author of 
that which I bave given him in this Book: I 
havetaken from all Parts that which was agree- 
able to my Deſign; and if any one find here 
any thing that he thinks is his own Invention, or 
any others; and will boldly take it away from 
me, and reſtore it to its proper Author, I 
freely conſent, and will by no means conteſt 
the Matter. But if by chance there ſhould 
be any thing met with, that is not to be found 
elſewhere, and that he is willing to Attribute 
it to me, I will then ackaowledge it for mine, 


for fear it ſhould belong to No-Body. 
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3 Literal V. erſion of a Book out of any Lan- 
'* gage will ſcarce be Intelligible in Engliſh. 
have therefore all along aimed rather togive 


Jou 
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TRANSLATOR 


FO: 8 


READ ER. 


Her ſo long 4 Preface by our Author, 
X 1 ſhall only tell you, that I judge this 
little Book to be the plainest, „pet e. 
ſieſt Geometry ] have yet ſeen Publiſhed: 
And therefore I thought it very well worth my 
while to let it appear in our own Language, 4s 
it hath already done twice in the Latin 
Tongue. And *tis ſo well efteemed of, by ve- 
ry Competent Judges among it Us, as to be 
read in our Univerſities, b y Tutors to their 
Pupils, As to the Tranſlation; I haze 


no means Obliged my ſelf ſervilely to follow 


the French way of Expreſſion ; for indeed a 


The Tranſlator, G c. 
| Jo F. Pardies Senſe, than his Words ; and 
| have made him ſpeak what I judge he would © 
have done, had he wrote in our Language. 
Thawve made no ſcruple, to add any thing ** 
T ſaw neceſſary to render him clear and intel. 
beible ; though when I have enlarged much, 
you have it in the Italick Letter. Where- 
ever I found a Demonſtration which wanted 
(as I thought) a better Method or a clearer 
Tarn, I have endeavoured to give it one. 
And I hope it will fully Anſwer the Author's 
Deſign inWriting it and mine in Tranſlating 
it, VIZ. to render this mo# Noble and mot 
Uſeful Science, eaſily attainable by young 
Beginners, 
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to conſult the Places referr'd to, that fo they 


Advice to thoſe who would 
Underſtand Geometry. 


1. THey ought to enure themſelves to con- 

ſider well the F:gures, at the ſame time 
as they Read the Propoſitions. There will be 
ſome Labour and Difficulty at firſt, but they 
will break thro” it in twoor three Days. 

2. They ought not to be diſcouraged, if 
they meet wich ſome things which they do 
not underſtand at firſt ; Geometry is not ſo 
calily to be attain'd, as Hiſtory. 

3. If after they have Read and Conlider'd 
attentively any Propolition, they fiad they 
don't Underſtand it; let it be paſſed over, it 
will probably be Intelligible by reading far- 
ther, crat leaſt when they have gone over the 
whole, and have begaa to Read it over anew. 
J here are indeed many things in Geometry, 
that will never be well underſtacd at firſt 
Reading over. 

4. The Numbers which are within the Pa- 
rentheſes v. gr. (3. 14.) ſhew that the Matter 
there ſpoken of hath been proved elſewhere, 
dig. in this Inſtance, ia the fourteenth Ar- 
ticle of the Third Book ; And they ought al- 
ways to mind the Number of the Article, and 


may 


Advice to thoſe, &c. 


may gain the Demonſtration of what they 
Read. 

5. When they meet with any Words which 
they dont Underſtand, they muſt conſult the 
Table at the End of the Book. 

6. Tis good to have a Maſter at firſt, to 
Explain to them the Nature and Manner of the 
Demonſtrations : For by that means they will 


Underſtand the thing both much eaſter and 


much ſooner, than they can do by Reading 
by themſelves. 


T hoped ſpeedily to have been able to publiſh the rest 
of this Geometry, but I have been forced to de- 
fer the Impreſſion for ſome time, that I might 
publiſh the other Mathematical Treatiſes which 

are much more neceſſary. But as ſoon as I have 
finiſh d my Static ts, Opticks and the Onadrants, 
which I am now upon, I will then Print the whole 


Courſe of Algebra, Conic l- Sections and all the 


reſt which I have Promiſed, to compleat Geo- 
merry, 
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BOO K. J. 
Of Lines and Angles. 


Y the Word Onantity, we mean that which 
being compared with another thing of 
the ſame Nature, may be ſaid to be 
Greater or Leſs than, Equal or Unequal 
to it, As Extenſion, Number, Weight, 

Time, Motion. And all thoſe things which are ca- 

pable of being ſo compared as to More or Leſs, are 

the Object of Geometry. 

2. We deſign nevertheleſs to conſider now only Ex- 
tenſion; as being that which ſerves for an Example and 
Rule to Meaſure all other Quantities by. 

3+ That Quantity which being ſuppoſed without a- 
ny Breadth or Thickneſs, is extended only in Length, 
is called A Line, That which hath both Length and 
Breadth , (but is ſuppoſed to have no Thickneſs) is 
called a "Surface or Superficies : And that which hath - 


Length, Breadth and Thickneſs, 1s called a Body or a 
Solid. 
N B 444 
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4. A Point is that which is conſidered as having no 


manner of Dimenſions; and as being Indiviſible in e- 
very Reſpect. The Ends or — of Lines, as 


— — 


allo the mictdte of them, are Points. 
5. There are Strait lines, add there are,Cropkgd or 
Curped Ones ;; Alſo thete are Even and Plain Surfaces 
which are called Plan's; and there are Crooked ur Cur- 
ved Ones: Which like a Vault, (or the Tilt of a Boat 
er Haggen) are Convex above, and Concave below. 
6. Whe -n two Lines meet ina Point, The Aperture, 
Diſtauce or Inclination b2tWeen them is called an Au- 


gle. Which when the Lines forming it are Right or 


Strait Onecs is called a Reftilineal Angle, as A. But when 
they are Crooked, tis called a curvilineal One, as B. And 
when one is Strait and the other Crooked, tis called a 
Mixt Angle, as C. 
N. B. The Lines forming any eu are Called its 
Legs, 


+ Oele, 


1 That Angle is ſaid to bo 2 leſs than all.” whoſe 
Legs are mote inclined to, (or nearer to) each other. 
Let there be TWO Lines A B and A C meeting in the 

, Point A. If you Imagine thoſe Lines 

to be moveable like the Legs of a pair 

wOT.99 of compaſſes and yet faſtened together 

on A, as with a joint; Tis eaſie then 

5 to conceive, that the farther they are 

01221 Opened or Parted from one another. 

the greater will be the Angle between them: As on 
the Contrary, the nearer they are brought togethe 

the more will they incline towards each other, and 6 


tne Angle bewteen them muſt be the Jeſt; 1 2 


"ww | 


Book J. 'of GEOMETRY. 3 
g. It muſt therefore be obſerved that the Quantity of An 
gles,is by no means meaſur d by the Length of their Legs? 
but by their Declination, Thus, v. gr. the Angle B is bigger 
than A;tho* the Legs of the Angle | 
B are much ſhorter than thoſe of TT 
A: But then thoſe of A are much | 1 
more inclined to each other, than . | 
thoſe of B. And to apprehend this = Br 
the Better, Imagine the Angle, ; "M 
put upon A; as you may conceive | 
by the Prickt Lines about A, which repreſent the Legs of 
Blying on it. For 'tis plain the Angle A will be eaſily 
contained within B; and that its Legs are much more 
inclin'd to one another, than thoſe of B, and therefore 
it is leſs than B. | 
9. An Angle is uſually marked by 3 Letters, of 
which the middlemoſt, and which always is placed in 
the Angular Point where the Lines meet, denotes the 
Angle. As in the Figure follow ing & acdenotes theAngle 
made by the twoL ines h and c 2 meeting in the point 4. 
10. If we Imagine the Line 26 faſtned by its End 4 
in the middle of the Line 4c, but | 5 
yet ſo as to be moveable on à as on „ 
a Centre: If then you conceive 
it be moved quite round till it ar- 
rive at the place where it began, 
the Point b will deſcribe a Curve — 
Line, which is uſually called a Cir- vt 
cle.; but tis rather the Circumference of 4 Circle; for pro- 
perly ſpeaking, the Circle is the Space contain d within 
that Circumference. ' | ar e 2 he 
. 11. Any part of the Circumference is called an Ark, 


as V. | 
12. The Line dc (puſſmg throughthe Centre) and ter- 
minated by the Circumference is called the Diameter, 
and divides the Circle into two equal Parts. Allo every 
right Line paſſing thro the Centre 4 (and Jer miu ned 
at each end by the Cirrumference) divides the Circle into 
two equal Parts, and u ill be a Diameter. 
. B-2 13. The 
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13. The Line 40 or ac or any other drawn from the 
Center to the Circumfcrence is called the Radius or Se- 


mid iameter. | 
14. All Radius's or Semidiameters(of the ſame or equal 


Circles) are equal (as i plain from the Geneſis of a Circle 
given in Art. 10.) 


15. When the End b of the Radius 45 is equally di- 
ftant from the two Ends of the Diameter 4c; That 
is, when the Point 6 is in the ve- 
ry middle of the Semicircumfe- 

rence dc; then will 54 make 

two Anglcs with 4c that are 

called Agi ones: Which are e- 
qual one to another, that is, the 
f Angle 4 a6 is equal to 5 ac. And 
e | it the Line 6 4 be produced be- 
low to e it ſhall then (with de) make 4 Right Angles; 
and it will be another Diameter; which with the for- 
mer de will Divide the Cirele into 4 equal Parts. 

16. Then thoſe Lines to be Perpendicular one 
to another: viz. ba to de, and da to be. 

17. But if þ be nearer to one End of the Diameter 

(or Right Line) de than it is to the 
5 other, it is then ſaid to fall on the 
2 \ other Obᷣliquely; and it makes with 
c 4c two Angles, that are Unequz!: 
\\ _ Of which the Leſſer bac is called 
| Acute, and the Greater 446 is cal- 
led Obtuſe. | 

If the Line 46 be produced toe it will be a new Dia- 
meter, and will make below two other Angles ; So that 

5 in the whole there will be four An- 

b gles; of which thoſe two that touch 
| ff: only in the Angular Point, as 6 4c 
Pi | and e 44, as allo dab and e ac are 
7 called Vertical or Oppoſite Angles. But 
| thoſe that have one Leg common to 
F both, asdabandb ac; and bacand 


esc are called Adjoini of Contiguous Angles. . | 
1 | 'S Te * 18. Thoſe 
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18. Thoſe Angles which (at Equal diſtances from 
the Angular Point) are ſubtended by Equal Arks are 
alſo equal themſelves. As if the Ark bc be proved 
Equal ro the Ark de, then will the Angle bac be E- 
qual to dae. VN c 

19. The two Contiguous Angles taken together, are 
always equal to two Right ones. 8 

For as the Line de is a Diameter, and therefore 
cuts the Circle into two Equal Parts, the two Arks 
dband bc taken together, will be equal to a Semi- 
circle. Wherefore the two Angles 44 and bac to- 
gether will be equal to two Right ones, becauſe they 
FF oi whole Semicircle, as two Right ones do 

Art. 15. 

20. 80 that this Propoſition is of Univerſal Truth, 
That one Right Line falling on another makes the Comti- 
guous Angles (together) equal to two Right cones. 
For it the Lines are Perpendicular to 
each other as p 4 is to dc, then *tis Pi /» 
plain the Angles muſt be Right (by 
the 15.) And if the Line fall O liſue- 1 
Iy as ba doth ; then indecd the ——4 * 
Angles are Unequal ; But as 
much as the Obtule one dab exceeds one Right An- 
gle, by ſo much is the Acute one bac exceeded by 
the other Right one. So that the Smallinels of one j3 
compenſated by the greatneſs of rhe other. 

21. If two Angles which have one {ide Common to 
both, do make Angles equal to two Right ones, their o- 
ther Sides do make but one Right Line, Let the Angle 
44 band b ac be (together) equal to two Right ones. Then 
I ſay that the Lines 4a and ac do joyn ſo together, 
as to make one Right Line (vid. Fig. in Art. 17.) which 
is clear from what hath been ſaid. For if on the Center 
4 you deſcribe a Circle dbce, the two Arks 4b and 
bc will be equal to a Semi- Circle, becauſe the two An- 
gles daband bac are 4 3 to be Equal to two Right 


ones, Wherefore the Lines 44 and c will make a 
| e 2 


— . 
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3 and conſequently be joined into one Right 
_— 5 er SD) | i 
22, If from the Point a you draw ſeveral Lines, as 
44, af, ab, ab, ag, Ce. they will 
make diverſe Angles; and all thoſe 
Angles taken together, be they 
more or leſs, will be equal to four 
Right ones. For tis clear all theſe 
Angles together do compleat the 
Circle 4bce, whoſe Circumference 
they divide into as many Arks as 
4 there are Angles. Now all theſe 
together are equal to four Quarters of a Circle; 
which is as much as to ſay that all the Angles are 
equal in the whole to four Right ones; for ſo many 
Right Angles do compleat the Circle. 
23. The Vertical or Oppoſite Angles are Equal. 
Let there be two Right Lines d ac and b 2e (croſſm 
or cutting one anotber in the Point a: 
5 I ſay the Angle dae is Equal to bac. 
For the Ark 4 with the Ark be 


2 makes à Semicircle: and fo doth the 


fame Ark þ 4with the Ark d e. There- 
becauſe the Ark 4b contmues the 


© fore the Ark he muſt be equal to de; 


ſame whether it belp to compleat the Semicircle with 


de or he: ¶ Mherefote being taken away from both, it 
anuſt leave the Ar de c. But if the Arks be equal 
the Angles, ſubtended by tbem muſt be ſo too, and 
therefore the Angle da e is End to bac.) and by 
the ſame Reaſon the Angle d 2b will be Equal to 


446. 


24. The Cirtumference of every Circle is {ſuppoſed 
to be) divided into 360 equal Parts, which are called De 
grees: And every Degree into 60 Minutes, every Mi- 
nute into 60 Seconds, every Second into 69 Thirds, and 
to on Infinitely. And to determine the Quantity of a- 
ny Angle, we compute the Degree that (the Ark which 
is its Meaſure) doth contain. v. gr. When we ſpeak of 


” 
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an Angle of 90 deg. we mean a Right Angle; becauſe 


the Right Angle contains the fourth Part of the whole 
Circumterence which is co deg. the fourth Part of 265: 
So an. Angle of 60 deg. is an Angle that contains two 
- Thirds of a Right one. | TINY EY 
25. (Degrees are marted either with Degr. or uſdally 
with a ſmall Cypher over the laſt Figure 45 63%.) Minuies 
with a ſmall Line as 5c, Seconds with tuo ſach, as 300%. 
Thirds with three ſuch, as 25, Ce. $5 that 25% 32“ 


43% is to be read 25 Degrees, 32 Minutes, 43 Seconds. 


26. TWo Lines are laid to be Parallel, when thzy 
run always equiedifiant from ed Do 
cach other. Thus the two Lines a g 3 

4b ande are Parallel, if they are : . : 
cquallydiftant from each other jn r : 
ce, in h P, in bd, and in all o- , 5 
ther Places. 1 LES 

27. This Diſtance is always meaſur'd by a Perpendi- 
cularzas if frum the Point à you imagine the line ae to fall 
perpendicularly on ed ; as allo doch the Line h d on the 
ſameLine;we naturally conceive that if thoſe twoPerpen- 
diculars are of the ſame Length, or equal; the two Lines 
a band e d are equally diftant trom each other in thoſe two 
places, which is ſelt- evident and need; no Proof, | 
28. Two Parrallel Lines be- 
ing continued infinitely, yet 4 B 5 
can never meet. For being al- f : 
ways equally diſtant, there 


— . 
b 


may any where be drawn be- e — S 4 
tween chem a a 
equal to 4e or hd and conſequently they can never meet. 


29. If a Line cut or croſs two o :-: 
ther Lines that are Parallel, it Will 
be equally ſaclinęd to then both: 
And ff a Line cutting two other 
Lines, be equally inclined'to them 
© both; Thoſè two Lines are Parallel. 
Let che two Parallel Lines be cae 
aad 4 f, which are cut by _ Ling 


1 
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gab b. I ſay that that Line g 2 b b, is equally inclined 
to ce as tt is to 40 f; that is, the Angle ge is e- 
qual to the Angle g bf, which will be clear to any one 
that confiders the thing: For if the Angle g ae, for In- 
ſtauce, were greater than g bf, and if the Line ae were 
opened or parted farther from 4 g; then muſt the Point 
e of the line ce incline or approach towardsf ; becauſe 
bf is ſuppoſed not to part vr open from gb, as ge doth 
from 4g. Therefore the two Lines ce and d F willnot # 
he Parallel, (which contradifts the Suppoſition:) Iis the © 
ſame thing if the Angle ga e ſhould be ſaid to be leſs than 
gbf, for then the Lines could not be Parallel. 

Moreover, if we imagine the two Parallel Lines to be 
like the two Edges of a Ruler, that Ruler may be con- 
ſidered as one ( broad and) indiviſible Line. 

So that the Angles h i d and c 4g may be conſidered as 
being contiguous Angles, and equal to two Right ones 
(by 20:) And the Angles h b d and ge as Vertical or 
Oppoſite Angles (23.) and ſo equal to each other. But 
if 40 b be equal to ga e, its equal g bf (23.) muſt be ſo 
too. I berefore the Parallel Lines have the ſame Inclina- 
tion, or make equal Angles, wh the croſſmg Line. 

30. Wheneyer a Right Line cuts two Parallels it makes 
with them eight Angles; Of which four 4. ö. b. g. are 

External; and the other four c. d. e. 7. 
x are Internal, The Angles c and f, as al- 
_</b__ ſod andeare called Alternate. The | 
=” Angles e and à as alſo f and b are called 
— 2. the Internal and Oppoſite on the ſame ſide. | 
Ve. And the Angles d and f, as allo c and e 
ac re called the Internal Angles on the 

ſame fide. 


31. The Alternate Angles, c and F as alſo d and e; 
and the Internal and Oppoſite ones on the ſame tide, 
as b and f, gand e &c. are ſeverally equal. (Ibe Lu- 
ter Part was proved in Ari. 29. and the former follows 

Nainſy by tbe 23. for ſince b is equal 10 f, its Opp ite An- 
gle c muſt be ſo too, and if a be equal to e its Oppoſue d 

will be ſo alſo, &c. (vid. Art. 29. the latter Part.) 


4 
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32. When a Line falls on two Parallel ones, it makes 
the Internal Angles on the ſame Side equal to Two 
Right ones. ; Ft 
1 ay the Angle d with f, is equal | P 
to two Right ones; Becaule f is equal __ 2 
I 


to c(by 31) and c and d together are e- | 
qualto two Right ones (by 20.) There- 9 * 
fore f and d together muſt be equal to Ye 5 5 
tuo Right ones, which was to be proved. 5 

(The ſame way may c and e together be proved Equal tg 
two Right ones; for c and d taken togerber are ſo (by 20) 
but d ij equal to e (31) Therefore c aud e are equal to two 
Right ones.) „ 

33. One Propoſition is called the Converſe of another; 
when after a Concluſion is drawn from ſomething Sup- 
poſ-d, in the Converſe Propoſition, that Coucluſion is 
Suppoſed; and then that which was in the other Sup- 
poſed, is now drawn as a Concluſion from it. For Ex- 
ample; We ſay here, if two Lines are Parallel, (and 
another Croſs them,) the Angles d and F together are E- 
qual to two Right ones: Where we ſuppoſe the Lines 
co be Parallel and from thence conclude thoſe Angles 
muſt be Equal to two Right ones: But the Converſe 
is Thus; It the Internal Angles on the ſame fide d and 
F together are Equal to two Right ones, then thoſe, 
Lines are Parallel: Where after we have ſuppoſed 
theſe Angles equal to two Right ones, we conclude 
the Lines to be Parallel. 

34» Converſe Propoſitions in this Caſe are very true, 
a3, that if a Line cut two other Lines and makes the 
— Angles equal; Thoſe two Lines are Pa- 
Talle | | 

35. If two Lines are Parallel to a third Line they 
are ſo to one another. 1 

Let the Line 4þ be Parallel toc4; and let ef alſo 
be Parallel to the ſame Line cd, I ſay 46 is Parallel 
to ef; For if you draw a Line as b Af cutting them 
all Three; the Angle 6 will be equal to 4 (by 31.) and 
the ſame 4 will be equal tof (by 31.) becauſe ef is allo 


—— ow 
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Parallel to 4. Wherefore the Angle 
5 muſt be equal to F: Becauſe *tis- auf 1 


5 ah Axiom, That two things artehultl to 49 
2. third they are ſo to one another. But if the 


e t/ Angle 6 be equat ro f; then the Kahr 40 1 


Is Parallel to 7 (by 34: I, 
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Of Triangles. 


Figure i is a Space compaſſed round on \ all I 


nate it are all Right ones tis called à 
 Redilineal (or Right Lined) Figure : If 
they are Crooked tis called a Curvilineal; 
99 if they are partly Right Lines. and partly! Crooked, 3 
Tis called a Mixt Figure. 
2. There are Plane Figures, which are Plane Surfa. 
res,” and there are Solid ones, which have three Dimen- 
fons. But we ſpeak here only of Plane Surfaceß, or 
T1 ane OO OE was 1 
Alf the Lines which encompaſs any Figure 
en together, make that wich is called the Circum: | 
ky P*rimeret, or the Cottipaſs of the Figure. 
4. Of all Curvilineal or Mixt Plane Figures, in 
hun Geometry we confider, properly only The - 
Circle, or a Part of a Circle terminated on "| 
by, ah Ark, and on the other by one or mo 


Lines. 
Of Reaitineal Figures the moſt cls are 11 
haps which abe Ferminated by three Right Lines 
{and no more) makipg as many Angles. 


6. A 


Sides. And if the Lines which Termi- 


r rr uWuw wax , 
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6. A Triangle as which. hath + 1 5 280 

one Right Angle is a Rig , 

71 Triangle; if it have one Angle :- 


% Obcule tis called an Oheuſc-ung led 
400 One, as b; and if all its three An- 
les are Acute, tis called an 4 


eurz= Angled Triangle, as c. 

7. If a Triangle have all its 
three ſides Unequal tis called a 
Scaleneas,d. I it hath two ſides 
equal *tis called an 1/oſceles as e, 
And if all the three tides are e- 
qual, tis called an Equilareral 
One, as 7. ö 97 2 

8. When two ſides of a Tri- 
angle are conſidered, they may, —— 
be called its Legs, and the third fide may then be 
called the Baſe. But any one ſide may, be called che 
Baſe, (ibo we uſually and mo#t proper ly cal! that ſo, which lies 
Parallel to the Horizon, and which is next td s.. 

9. In every Triangle, the three Angles taken to- 
gether, are Equal to two Right ones. 

Let the Triangle be «bc I ſay, that the Angle 2 
added to the Angle c, added to | | 
the Angle b (or the Sum of- EIL. „ — 8 
three) are equal to two, Right ... 5 Ry 


ones. For let de be drawn Pa- 2 II N 
rallel to the Baſe 4c, then will ; „ 
thoſe two Parallel- Lines be cut 


—e 


© by the Line bc; and conſe : 
auentiy the Alternate Angles c and d will he equal tg 
in each other (by 1. 31.) Moreover the Line + 4 falling 


Jen or cutting the ſame Parallels 4e and ac, will make 
the Internal and oppoſite Angles on the ſame ſide e- 
qual to two Right ones; that is, à added to # he ard 
equal totwo Right Angles (by 1. 320 But the Angle 
4b e contains the two. Angles & and d. So that che 
Angle a added to þ added to d will he. equal to to 
Right ones. But # being equal to di it will follow that 
(2 added to b added to c; or the Sum of all threę 
5 together 
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together muſt be equal to twa Right ones: which | 
was to be Proved. '..1--, 8 
10. If any fide of a Triangle be Produced, or 
| drawn out, the External Angle 
u ill be equal to the two Internal 
and Oppolite Angles, (rak-n t- 
gether) Let the Triangle be « 
bc, whoſe Baſe cb draw out to 
d, by which means a new An. 
5 - gle as e will be made, which is 
called the External Angle of that Triangle. Then 1 
ſay that That External Angle e, is equal to both the 
Internal and Oppoſite ones à and c. H 
For thoſe Angles 2 and c together with 6 are equal 
to two Right ones (by the Precedent,) and fo alſo 
are e and & by (1. 20) wherefore e muſt be equal to 
| 4 added to c, becauſe together with 6, it makes two 
; Right Angles, as they do. Q. E. D. | 
11. If a Triangle ABC bath two Sides AB and 
AC equal to two others 46 and ac in another Tri. 
: angle, and if alſo the Angle A be e- 
qual to 4, I ſay the Third Side BC 
ſhall be <qual to bc; the Angle Be- 
qual to ö, the Angle C to c, and the 
whole Triangle ABC to abe. | 
— For if we imagine the Triangle | 
abc to be placed upon A BC, ſo that 
the ſide 2b ſhall he exactly on its e- 
qual AB; Then muſt the Side a fall 
on its equal -A C becauſe the Angle & is equal to A, 
and ſo the Point « will fall on C, and 5 upon B, and 
the whole Triangle abc on the ABC: becauſe all 
things do ſo exactly anſwer, that nothing of the Up- 
per Triangle, can fall beſides the Under one. 
12. Figures which do thus meet, fit, or anſwer to each | 
other exactly, when they are placed one upon the other 
are called Congruous Figures, Quiz mutuò ſibi congruunt. | 
And it is an univerſal Axiom, Que fibi mutuò congruunt | 
ſunt æqualia; i. e. Thoſe Figures or one upon 
another. do Anſwer to one another exactly, are * | 
11 + 13» K 
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13. The Converſe alſo of the Precedent Propoſition is 
true; That is, if a Triangle hathall its 3 Sides equal to 
the 3 Sides of another Triangle, all the Angles allo in 
one ſhall be equal to thoſe in the other : And all the 
Space which one Triangle contains, ſhall be equal to 
that contained in the other; As if AB | 
be equal to 46, AC to ac, and BC to 
be: 1 ay that the Angle A ſhall be e- Tg 
qual to 4, B to ö, and C toc; and the B 
whole Triangle ABC, to abc: and 4 | 
this needs no other Proof. | re 

14. If the Angle A be equal to 4, the 5. 
Angle B to 6, and the Side A B to 46: ban 
Then ſhall the Side A C be alſo equal to ac, B Cto be; 
and the whole Triangle ABC to 4b: Which is eaſie 
to Prove by the precedent Propoſitions. 

15. In every Jſoſceles Triangle, the Angles at the 
Baſe, oppoſite to the equal Legs, are equal. 

Let the Triangle be abc, whole Legs 
ab and ac are equal: I lay the Angle 5 d. 
is alſo equal to c. For Imagine the Baſe 
bc divided into two equal Parts in the A 
Point d, then will the Line 4d (which let hb 4 = 
be drawn) make of the whole, two Tree 
angles, abd and da c, which will have all three Sides 
in one equal to thoſe in the other: For à b is equal to 4c 
by the Suppoſition, and 6 d is equal to de, and 2d is com- 
mon to both, Wherefore (by 2. 13.) the whole Tri- 
angle bad is equal to d ac and che Angle b is equal to eʒ 
which was to! be proved. "IG 

16, In an Iſſceles Triangle if a Linedrawn from the 
Angle at the top do (Biſſect er) divide the Baſe into two 
equal Parts, it is both Perpendicular to the Baſe, and 
alſo biſſects the Angles at the Top into two equal 
Parts. For (vid. Fig. precedent) the Angle 4 de is equal 
to the Angle 44 b (by the laſt) and conſequently they 
muſt be both Right ones; and therefore the Line a4 is' 
Perpendicular to the Baſe bc (1. 15,) and the Angle 
4 ac will be equal to d 46 (by the laft Prop.) 

17, In every Triangle the Greater fide is always op- 
polite to, or ſubtends the Greater Angle, 
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In the Triangle 20 let the Side 5c be longer than 
6323 then I fay the Angle bac ſub- 
tended by the greater Side bc is big- 
ger than the Angle c, which is ſubten- 

: ded by the leſſer Side. For let bd 
be taken equal to bz, then will 4b 4 
4 be an [ſiſceles Triangle; whoſe An- 
nelle bad u ill be equal to bd (2. 15.) 
But the Angle ca bis bigger than b ad; ( the whole being 


greater than the Part) and therefore muſt be bigger than 


444 (which is equal to ha d). Now the Angle 4 d b is an 
External Angle in Reſpect of the little Triangle ad c; 
and therefore muft be bigger than the Internal one c 


(by 2. 10.) Wherefore the Angle b 2c being bigger than | 
4, muft certainly be bigger than ; which was to de 


Proved. 

18. Every Triangle muſt neceſſarily have two Acute 
Angles : For if it had but one, the other two Angles 
muſt either be both Obtuſe, both Right, or ene Obtuſe 
and the other Right; None of which can be, becauſe 
(2. 9.) all its three Angles taken together are equal but 
to two Ri ht ONES, 2 

19. Of all Lines that can be drawi from a Point gi- 

ven, the Shortest is the Perpendicular; and they are all 
1 55 Longer according as they are far- 
5 ther diſtant from it. Let the gi- 


| , venLine be ad, and the Point given | 
b; let ba be Perpendicular to 44; 
- let alſo bc and bd bedrawn. I ſay 


that b 4 is the ſhorteſt Line that can | 


ET 

poſſibly be drawn from b; and (for inſtance) is ſhorter 
than b c (or any orhr that can be aſſigned) and I ſay allo 
_ tharbd is longer than bc. | den 

For in the Triangle b 2c, the Angle 2 is a Right one, and 
conſequently bigger than either of the other; becauſe 
they muſt neceſſarily be both Acute (by the laſt Prop.) 
Therefore the Side h c is longer than b 4 (2. 17.) as ſub- 


reading a greater Angle. 4 


7 


N 
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80 alſo in the Triangle 4 bc, the Angle 4c bis Obtuſe, 
becauſe the Angle LA is Acute: And. conſequently the 
Side 4 b muſt be longer than c b a, as ſubtending a grea- 
D  uT e n 

20. In every Triangle any two Sides taken together 
are longer than che Th irc. 

Let the Triangle bea hc; I ſay that the fide ab ad- 
ded to ac are longer than : For produce b a, till 24 
be equal to ac; thea will the Tris 
angle a de be an Iſſceles, and con- 
ſequently the Angle & 4c willbee- 
qual to 4c d. (2. 15. a 

Therefore the Angle cd (which 
is greater than its part ae d) will te A 
bigger than d. And if you nom conſider the Figure as 
but one Triangle de, then will the Side b 4 he longer 
than bc, becauſe (2. 17) ſubtending a greater Angle. 
But bd is equal to the two hdes of the ormer Trian- 
gle ba, and 4c, becaule ad was taken equal to 4c. 
Wherefore the two ſides h 4 and ac together axe loug- 
er than the Third bc. which; was to be proved. 

21. Although this Propoſit ion be thus demonſtrated, 
yer it might paſs for a thing 
diſcoverable at firſt Sight. For 
the Line ch being a &/gbt Line, 
runs the neareſt of all poſſible 
ways between the Point ce and 
the Point b. So that all others 
that do nat go the ſame way and 
all in with in maſt go about, and conſequently a longer 
way, as cab, f b, c db, &c. FEA 
And we may with Archimedes lay it down as a Prin- 
iple, That thoſe Lines which fetch. Compaſſes and go a- 
bout are always longeſt, becauſe they include others that 
are ihorter. So cd is longer than oe band cab than 
4b. Vrovided that the Lines don't interfere with each 
other and. make many Angles, as thoſe in f of this F- 
gure; for then ' tis poſſible they may in the whole be lan- 
er than ca b, tho included within the compaſs of 45 
| BOO 


* 


| 
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BOOK III. 


Of Quadrilateral Figures and 
Polygons. 


Is Hoſe Figures whoſe Sides are four Right 

| Lines and thoſe making four Angles, are 
called Quadrilatera! or four ſided Figures, 

2. When the oppoſite Sides are Pa. 

rallel, the . Figure is called 

a Parallelogram as a; but if not tis called 2 

L & — B. | 
3. When the Parallelogram hath all its four Angles 

| Right, tis called a rectangled Parallels} 
2 T1 ram; or for brevity ſake a Refangle as c: 
And if the Angles are right and the Sides 

5 are all equal itis called a Square as d. | 
4. If a Parallelogram hath all its Si es equal, but its 
1 unequal, then tis called a &hom- 


1 as e. 
| 7 5. If a Parallelogram hath neither its 
Angles nor fides all equal tis, called 2 

4 Rhomboides as » : 

In every Parallelogram the oppolite Angles are e- 
qual. Let the Parailelogram be o bed. 
1 ſay the Angle 6 is equal toc, for the 
Angle o is equal to the Alternate one b 

(1. 31.) and the External one b js equal 
to the Internal one c (1. 31.) where - 
fore o is equal to c. Si! 


_ << ©" WRT <5 I” ageany = 


hug ry 
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7. A Line as 46 drawn acroſs the 
igure from Angle to Angle is called 
the Diagonal, and by ſome, the Dia- „. 
meter. ; | | E23 
8, ery Parallelogram is divided into two Equal 
Parts by the Diagonal. The Diagonal 6 d divides the 
Parallelogram 0b cd into the Two Equal Triangles 
0 5d and bed. For, i. The Angle o is equal toc (3. 6) 
2. The Angle 064d is equal to cdb. (1.31) and for 
the fame Reaſon, the Angle od is equal to d; 
and the fide 54 is common to both theſe Triangles, 
wherefore the Triangle 064 is equal to c db (by 2. - 4 

9. In every Parallelogram The Oppoſite ſides ar 
always equal, | 1 

For, (drawing the Diagonal d b) the whole Triangle 
dob will be equal to the Triangle þ cd by the fore- 
zoing Prop. And Conſequently the fide cd muſt be 
equal to 06 and the ſide o d, to ch. | 

10. Two Diagonals ac and b4 do 
biſſect each other in the Middle 
at e. 

For in the Two Triangles aedand _ 
bee, The fide ad is equal to & (3. 9) The Angle e 4d 
is equal to ec (1.31) and allo the Angle ade is e- 
qual to c be (1. 31.)and moreover the (Vertical) Angles 
zed and ceb are equal alſo (1, 23) Wherefore (the whole 
Triangle a e d is equal to the Triangle bec (2. 14.) and 
conſequently the fide de is equal to eb, and the fide 
te to the ſide ec. The two Diagonals therefore biſſect 
each other Q. E. D. 

11. Every Right Line as ſſin | 
by the middle of a 1 = a5 —b 
Parallelogram into two Equal Parts. 

Io demonſtrate which, the Trapezium S 6 
or Irregular Quadilateral Figure f g 4 4 
muſt be proved equal to the Tapegium geb. And 
that is thus done. 1. The Triangle bef is equal to 
the Triangle de g: for the fide de is equal to eb by 
the Suppoſition ; and the _ ef b is equal to eg 4 
(1. 31) 
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(1. 31) and the oppoſite Angles ate are equal, where 
fore the Triangle ef6 is equal to e 4g. (2. 14). 2 
The great Triangle 46 4 is equal to bdc(3. 8) where 
fore if from the Triangle 2h d you take away the little 
Triangle fe b, and inſtead of it put the Triangle e 4; 
(which is equal to feb) you will have the Trapeziun 
Fadg, which will be equal to the Triangle a 4 b: Thatf 
is to juſt one half of the whole Parallelogram (3. % 
Which was to be proved. | 
12. If in the Diagonal 46 you take a Point as ef 
| and thro' it draw two Lines hᷣi and 
a, F Parallel to the two ſides of the 
| Parallelogram, Tt will be divided byf 
them into four leſſer Parallelograms 
i. e. febihegd:(which two are called 
6 the Parallelograms about the Diameter 
and 4 f be, eic g: which other two 
are called rhe Complements. And thoſe two Comple- 
ments with either of the Parallelograms about the 
Diameter make a Figure that js called a Gnomon. A 
you ſee in the Figure; where the Gnomon is diftinguiſh-R 
cd by being Shaded. 
13. In every Parallelogram the Complements are 
Equal. We muft Prove that e ba, 
Em; Is equal toeget. 
Ane . Demonſtration : The whole 
Triangle 2 5 4 is equal to the whole 
— bdc. (3.8) | 
& © And the Little Triangle e f bis (for 
the ſame Reaſon) equal to e bz, And 
the Triangle hed is allo (by the ſame) equal to e dg. 
Wherefore if from the two Equal Triangles 4a d and 
b4c we take away equal things, viz. if trom one we 
take away ef b and dhe, and from the other e bz and 
eg d, There will remain on one fide the Parallelogram 
e ba f, equal to the Parallelogram e ic g which remain 
en the other, which was to be proved. 


14. Dar 
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14. Parallelograms having the ſame Baſe and being 
between the ſame Parallels are Equal. 

Let there be a Parallelogram 4b d 
and another 2e f b, both un the ſame ., 4 e 
Baſe 2b; and let the Line cd when pro- ll 
duced be ſuppoſed to paſs by ef ; So that , 
the two Parallelograms ſhall be between Fa 
the ſame Parallels and Terminated by 
them; that is, between the two Parallels cf and ab. I * 
ſay then that the Parallelogram ac 46 is equal to a ef h. 

For 1. cd is equal to ef, becauſe both are equal to 
4b (3-9.) Therefore if to each of thoſe equal Lines 
you add the Line de, c e will be equal to 4 f: 2.caTsequal 
todb (3.9.) 3. The Angle ace Sequalto bdf (1. 31.) 
wheretore the Triangle ce is equal to 4bf. (2. 11. 
Now if from each of theſe equal Triangles you rake a- 
way the white Triangle doe that is between the Pa- 
rallelograms, and add to them both the Triangle 
200 there will ariſe the Parallelogram 4A on 
one fide, equal to the Parallelogram 4 ef bon the other. 


| | (And they muſt be equal, becauſe when the white Triangle 


was taken away, there remained the Trapezium ca o d equal 
toobfe, and when at laſt to each of them was added the 
Triugle a ob, the Sums muſt needs be equal, That ic 
c dab equal to aefb. Q. E. D.) 

15. Parallelograms on equal Baſes 2 b and gh and be- 
tween the ſame Parallels a h and cf, are 


equal. 4 
For if we Imagine the third Paral- e 

lelogram ef ha to be drawn; that ſhall | 1] 
be equal to the Parallelogram abcd, 4 5 & la 
becauſe on the ſame Baſe 46 with it, and 
between the ſame Parallel Lines 2 h and cf. And that 
Parallelogram will alſo be equal to ef gb; becauſe it 
hath the ſame Bale ef, with it (it matters not whether 
vou reckon the Baſe above or below) and is between 
the ſame Parallels. Therefore hfeg and bdca being 
both equal to the third Parallelogram ef 6 4, mult be 
equal to each other. 

C 2 15, Tris 
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16. Triangles on the ſame Baſe a band being between 
the ſame Parallels cf and 46, are alwayy 
. F. equal. 
ö The Triangle 4c is equal to 4 eb; 
Becauſe if you imagine a Line 6 4 drawif 
Parallel to ac, and another as bf drawnf 
Parallel toae; there will be made two 
Parallelograms ac and ze fb ; which being on theft 
ſame Baſe and between the ſame Parallels, will be e. 
qual to one another (3. 14.) 2 

But the Triangle 2 ö c is the half of the Parallelogram 
4d b and the Triangle ab e is the half of the Laralle· 
logram aefb (3. 8.) wherefore, (ſince the wboles art 
equal, the Halves muſt) and conſequently the Triangle 
ac b is equal to the Triangle a eb. ; 

17. Triangles on equa] Baſes, and between the ſame} 
Parallels are alſo equal; as is every eaſie to prove from 
(3+ 15+) 

18. If a Triangle have the ſame Baſe with a Paral-J 
lelogram, and be alſo between the ſame Parallels, it} 
ſhall be juſt the half of that Parallelogram. For it 
_ 2 be equal to 4b c which is juſt half (3. 8.) off 
acdh, 

19. A Pentagon is a Figure having five Sides and five 
Angles. 85 | 

It all the Sides are equal, and conſequently the An- 
gles, tis call'd a Regular Pentagon. | 

20. An Hexagon is a Figure of fix Sides and Angles; | 
an Hepragon of ſeven, an Octagon of eight, Cc. which 
are all called Regular when they have equal Sides and 
Angles. 

21. Polygon in the general ſignifies any Figure of ma- 
ny Sides and Angles; but no Figure is called by this 
Name, unlels it haye more than 4 or 5 Sides. 


22. Every 


— — 
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22. Every Polygon may be divided into as many Tri- 
angles as it hath Sides, If any where 
within the Polygon you take a Point as 4 8 
and from thence draw Lines to every a 
Angle 4 b, 4c, 4 d, &c. for they ſhall make g 4 
as many Triangles as the Figure hath 
Sides. 

23. The Angles of any Polygon taken | 
all ” = gpl will make twice as many Right ones, ex- 
cept four, as the Figure hath Sides. v. gr. It the Po- 
Non have 6 Sides; the double of that is 12, from whence 
take four, there remains eight. I ſay that all the An- 
gles of that Polygon, viz. b, c, 4, e, f, g, taken together, 
are equal to eight Right Angles. For the Lines ab, 4c, 
ad, &c. do divide the Figure into ſix Jriangles; the 
three Angles of each of which are equal to two right 
ones (2. 9.) ſo that all their Angles together make 12 
right Ones. But now each of theſe ſix Triangles hath 
one Angle in the Point a, and by it they compleat the 
ſpace all round the ſaid Point. And all the Angles about 
that Point, are equal to four right Ones ( 1. 22.) Where- 
fore thoſe 4 being taken from 12 (The Sum of the Right 
Angles of all the fix Triangles) leaves eight, the Sum of 
the right Angles of the Hexagon. 

So that the Figure hath plainly twice as many right 
—— as it hath Sides, except four; which was to be 
proved. 


24. A Polygon may be divided alſo 
into Triangles by drawing Lines from , 
Angle to Angle. But then the Num- p 
ber of the Sides will excoed that of che 70 
Triangles, | 
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BOOK IV. 
of A Circle. 


Line is ſaid to Touch.(or to be 
a Tag ent to) a Circle, when | 
tho' produc'd both ways from | 
from the Point of Contact, 
it will only touch it, and not 
cut or enter within it. Thus the Line 2 
Touches the Circle C. as that Circle C doth 
the Circle D; but d enters within the 
C Ircle, and cius it, and is call d a Secant. 
It a right Line enter within a Circle 
My cut it into two Parts, thoſe Parts are | 
cad Segments: b is a leſs Segment and D a greater: 
That (part of the Line) cutting the Circle (which is within 
it) is called a Chord as ef. And the Parts of the Circle 
(er rather Circumference) cut off, are called Arts: The 
Chord with the Ark makes two mixt Angles as eand f, 
and they are call'd Angles of a Segment. | 
Ze If you take a Point as c in the Ark of any Segment 
and from thence draw two Lines c a, and ch 
(to the ends of the Chord) they ſhall make 
af an Angleacb; which is call'd az Angle in 
2 a Segment : And that Angle acb is ſaid to 


Infiit or ſtand on abd the Ark of the other 
Segment belou. 


4. A 
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4. A Sector of a Circle is a mixt Tri- 
angle comprehended between two Ra- 
dius, 4b, ac, and the Ark of the Cir- 
cle bc, tis mark'd in the Figure by be- 
ng ſhaded. 

5. If to the end of any Radius, or 
Smidiameter, 4b, you draw a Perpendicular as 4b, 
it thall touch the Circle but in one Point. 
And all the Points of the Line & 4 ſhall 
be without the Circle. v. g. I ſay the 
Pont 4 (or any other aſſignable) is with- 
out: For if you draw the Line ad from 
| the Center, that ſhall cut the Circle in 
the Point c, that Line a d will be longer than 435; (2. 19. 
and conſequently longer than ac which is equal to 46 (i. 
14.) Wherefore the Point d is without the Circle. 
Q. E. D. 

6. A Chord, as b cis divided into two equal Parts (or 
Biſſected) by a Perpendicular d a, drawn 
from the Center 4. For the Triangle 
abc is an Iſoſceles, becaule h a is equal to 
c4 (1. 14.) and therefore the Perpendi- 

cular ac Biſſects the the Paſe he (2. 16.) 
The Ark bc is alſo by this means Bil- 
lected. | | 

7. If two Lines b and cd (drawn frem the ſame 
Point without) Touch a Circle, they are 
equal one to another. For draw from the 
Center to the Points of Contact, b 4 and 
4d. Then will thoſe Lines be Perpendicu- 
lars to the Tangents (by 4. 5.) Then if you 
draw allo the Line hd the Angle ab d will 

be equal to a d b. (2.15) Wherefore it from 

the Right and (conſequeniy) cqual Angles 
cba and c da, you takeaway the Equal ones a bd and 
4d b, the remaining Angles cd and ed will be equal: 
Wherefore their oppoſite ſides muſt alſo be equal (H rhe 
converſe of (2. 1 5.) That is, cb is equal to cd. C. E. D. 
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8, Equal Chords as h c and f h, do cut off equal Seg. 
ments de and gb. And the Perpen- 


Demonſtration.) Tet lis plainly thus prov i 
The Cherds and Arks are both Biſſected by the 
Perpendiculars (J. 6.) And therefore th 
Sectors cad, dab, fag, and ga h mud ie 
I equal; and fo alſo will all the Triangles x, 2, o andk 


be. (2. 11.) Therefore their Doubles will alſo be equal i.e. | 
the Sector ba c will be equal to f a h: And the Triangle | 
bac to the Triangle fa h. And if th:fe laſt Trimglesare 
taken from the equal Sectors haf and bac the Segmims i 
bdcandhgf mud remain equal. That the Perpencicu- | 
lars are equal, in plain from the equalities of the Triangles | 


Z and o, or X and &. 


9. Let there be a Semidiameter Re, a Perpendicular | 
; (to it without the Circle) RT, another Line 
cutting the Circle in S, and a Perpendi- 


BT cular (let fall from thence) to the Radius 
n Rin n (4 Point within the Circle). All 
3 cheſe Lines have Artificial Names. The 
Line TA is called the Jangem of che Ark 


| RS (which juppoſe) 30%. TC is call'd the 
Secant of the fame Ark of C and the Line Sz is called 


the (Right) Sine of the fame Ark. R C is by ſome cal- 


ted the whole Sine, but moſt uſvally the Radius. 
1c. If in the Circumference ot a Circle, you take 
| two Points as 4 and b and from thence 
draw two Lines to the Center c, and two 
others to any Point, as 4 in the Circum- 
ference; they will make two Angles, of 
which ac is called an Angle at the Cen- 
ter and 44 an Angle di the Circumpe- 
FENce, * K 


a 


11. The 


1 


diculars ze and 27, drawn to them from 
the Ceuter are alſo equal, as is ealily 
proved; (faith Pardie, But he give us mi 
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11. The Angle at the Center 4c bis always double 
to one at the Circumference a 4 b (inſiſt- | 
ing with it on the ſame Ark a b.) 1 

g wbicb there are three Caſes. 

1. If one of the Lines as 4 b paſs thro 
the Center c, then 'tis plain the exter- 
nal Angle 4c b (2. 10.) will be equal to 
both the Internal and Oppoſite ones a 4 
and 4 taken together. 


But the two Angles d and à are equal, becauſe 4c is 
an I feeles Triangle, whoſe fide 2c is equal to cd (2. 
15.) Therefore the Angle c at the Center being equal 
to bo:h, is double of either alone; That is double to 
d. Q. E. D. I 

2. If neither of the Lines 46, da, (which form the An- 
gle at theCircu mference )paſs thro' theCen- 
ter c But fall both on the ſame ſide of the Di- 4 
a neter) Let the Diameter de e be drawn, 8 
Then will the whole Angle ace (at 
the Center) be double to the Angle a4e 
(at the Circumference) by what was 

roved in the firft Caſe. Allo the Angle 
bc e is double to b de, by the ſame. Wherefore if from 
the Angle ace, we take away that b re, and from the 
Angle ade which is the half of ace, we take away 
bd e, which alſo is the half of bce, the remaining An- 
gle a4b muſt be juſt the half of ac b. For *tis as plain 
as an Axiom, that if one Quantity he double to ano- 
ther, and you take away from the bigger juſt the double 
of what you take from the other, the remainder of the 
Bigger muſt be donhle to the remainder of the Leſſer. 

3. If the Diameter fall between the 
Lines forming the Angle at the Circum- 
ference, Then will, as before, the An- 
gle ace be double toabe (by Cas. 1 of 
thy) and the Angle ec d will be double to 
ebd by the ſame; therefore the whole 
Angle 20 muſt be double to 4b . (So 
that in all Caſes, the Angle at the Center j double to one 2 


the 


* 
„ 
* 
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he Circumference if they both ſtand on the ſame Ark, or 
(which is all one) are in the ſame Segment, 

12. All Angles ( the ſame Segment or) Inſiſting on 
g the ſame Ark 4 bare equal, let them 
Terminate in any part of the Circum- 
ference whatſoever. 

For the Angle 24 b will be equal to 


Angle at the Center 46% (4. 11.) 


adb at the Circumference ſtanding 
DD 


5 
I 


to twice X; (by 4. 11.) and x is equal 
Q. E. D. 


a db) is a rigut one. Let ce be drawn 


d aD) 1 = 
Biſſccting the Semicircumference ; 
LN 5 then is (by the Precedent) the Angle 
E 


ace at the Center, ſtanding on half 


to adh at the Circumterence, which 
ſtands on twice the Ark. But 4c e is 

a right Angle, wherefore ad b, (its equal) muſt be ſo. 
15. The Angle 4 b d ina Segment leis (than à Semicir- 
ele) is Obtuſe: Becauſe the Ark 4e d 


13, An Angle at the Center b ce ſtanding on halt of : 
| the Ark 4eb, is equal to the Angle 


on the whole Ark. (For c is equal 


to o that is to half adb (4.6 and 4. | 
8.) Wherefore c i equal io à deb. 


2 5 
14. The Angle 44 b ſtanding on the Semiciccum- | 
ference ab e (or being in the Semicircle | 


4e b becauſe each is the halt of the | 


a Semicircle (er on 4 Quadrant) equal | 


being more than half the Circumfe- 


| þ | 

Il , bencc, its half, the Ark ze, muſt be | 

| GY more than god, therefore the Angle 
c 


abd, which is equal to ace, (4. 13.) 
muſt allo be morc than god that is 
Obtuſe. | 


16, The 


| 


n 
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16. The Angle aÞd made in a Segment greater than 
a Semicircle, is Acute. 


For *tis equal to the Angle ace. 5 
(4. 13.) whoſe Meaſure ae being the 
half of 4ed, an Ark leſs than a Se- 4 
9 


micircle, muſt be leſs than god. And 4 
therefore 2h d is leſs than god (1.e) 


Acute. | 
17. If a right Line as gb touch a Circle, as in the 
Point 4; and another Line as ae cut 1 


it there. The Angle h 4e ſhall be equal | 
to h, or any Angle made in the oppoſit 1 e 
Segment ahbe. And the Angle eg 
ſhall be equal tof, or any Angle made 2 f 
in the other Segment, e f 4. I ————þ 
For, drawing the Diameter 44 
which will be Perpendicular to 4b (4. 9.) (and alſo the 
Line de:) the Angle 4e 4 will be a rigit one; (4: 14.) 
and conſequently, becauſe the three Angles of every 
Triangle are equal to 2 right ones, (2. 9.) the Angle 
ead, tegether with d muſt make juſt another right 
Angle. . | 
But that Angle dae together with eb doth make 
alſo a right one, becaule the Radius c 4 is Perpendicular 
to the Tangent ab; wherefore (rake away ead from 
both) and then eb will remain equal to d. And con- 
ſequently to h, or to any other Angle (in that Segment 
a he) or that ſtands on the lame Ark e fa. For all thoſe 
Angles are equal (by 4. 12.) The Angle e 4b, therefore, 
is equal to : Which 1s the firſt part of the Propoſition. 
We muſt next prove the Angle g ae to be equal to 
F; which is the other part. 
ta the Triangle 4 fe all the three Angles e, f and 4 are 
equal to 2 right ones (2. 9.) And the Angle e is equal to 
Fab; by the firft part of this Propoſition, for f 4 may 
be confider'd as cutting the Circle in the Point a where 
40 touches it, and conſequently f 4b will be equal to any 
Angle that can be made in the oppoſit Segment ab d 45 
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and therefore to e. Now the two Angles e af and fal 
(that is e) together with f, are equal to tuo Right one; 
(2.9) and ſo are e af and fab taken together with g ae} 
(1-20) Wherefore the Angle f is e qual to g 4e. Which 
was to be proved. | 
18. A Rettilineal Figure is ſaid to 
be Circumſcribed about a Circle, when 
all its Sides touch the Circle without 
cutting it. Thus the Triangle 4 ac 3B 
Circumſcribed about the Circle 
bef ; becauſe every fide of the Tri. 


angle Touches the Circle, in ö, g, 

and f. | 1 

19. A Figure is ſaid to be ſcribed in a Circle when 

all its Angles are in the Circumterence of that Circle, { 

as the Triangle 4 bc in the following Figure. Z 

20. Every Triangle, 4b c may be 

þ & Inſcribed in a Circle; for if two ö 

| > Lines as eh and ei are drawn Per- E 

F 52 2 5 pendicularly Biſſecting the ſides by ; 

„ and cb, they will croſs or meet each 

| — other in the Point e on which as on 

, a Centre, a Circle may be drawn, 

which ſhall paſs thro' b. And I ſay alſo that That Circle 

ſhall paſs thro? 2 and c. : 

For 1. The two Triangles e ib and e 74 are equal; be- 

cauſe 7b is equal to 74 by the ſuppoſition, the fide | 

ez is common to both, and the Angles at i are Right. 

Wherefore the fide eb is allo equal to e 4 (2. 11) s 

2. And for the ſame Reaſon (The Triangles e hc and 

h be may be proved equal) and conſequently the fide ec | 

alſo will be equal to eband to e a. But if thoſe three 
Lines are all equal, the Point e, where they meet, 
muſt be the Center of a Circle of which they are Rudi: 

And therefore the Triangle is Circumſcribed by a | 

Circle. Q. E. D. | | | 


21. Every Triangle may (have 4 Circle inſcribed in it, 
er) be Circumſcribed about one. vid, Fig. 18. . | 
3 1 
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For drawing the Lines ae and e d Biſſecting the An- 
gles 4 and d, and from the point e where they croſs, 
letting fall the Perpendiculars (to the ſides of the Tri- 
angle) eb, ef and eg: 1 ſay that if you draw a Circle 
on the Center e, thro' b; that Circle ſhall touch all 
the tides of the Triangle in the points 6, f, and g. For 
1, The two Triangles ae fand à e bare equal, as having 
the ſide ae common, the Angles at f and b right, and 
thoſe at 4 equal (by the Suppoſition : ) wherefore e b 
is equal to e f. (2.14) 

2. By the fame Method, eg may be proved equal alſo 
to ef, (that is to eb) ſo that theſe three Lines being 
all equal, a Circle will paſs thro* their three extremi- 
ties, of which Circle they will be Radiiz ani being 
allo all perpendicular to the ſides of the Triangle, the 
ſaid fides are Tangents to that Circle (4. 5) — there 
fore do Circumſcribe it (by 4. 18.) 

22, Every Quadilateral Figure de fa Inſcribed in a 
Circle hath its two Oppoſite Angles taken together 
(as d added to f) equal to two Right Ones. 

For if thro* the Point 2, there be 
drawn a Tangent as gb, and a Dia- 
gonal as ea: The Angle at f will be e- 
qual to gae (4. 17.) and the Angle 
eab will be equal to 4 (4. 17) 
And conſequently the two Anglesg a e 
and e ab beingequal to two Right ones 
(1.20) theAngles d and f taken toge- 
ther muſt be ſo too. 

After the ſame manner might the other two oppo- 
ſite Angles d af and def be proved equal to two Right 
| a P By drawing another Tangent through the 

int . | 
f 23. The Converſe of this Propoſition is alſo mani- 
ſeſt; viz. That if any Quadilateral Figure have its 
Oppolite Angles equal to two Right ones, it may then 
be inſcribed in a Circle, That is, a Circle may be made 
that ſhall touch or paſs thro? all its four Angular Points. 

24. Every Polygon circumſcribed about a Circle, is 


equal 
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Equal to a Rectaangled Triangle, one of whoſe Leg 
ſhall be the Radius of the Circle, and the other the! 
Perimeter (or the Sum of all the ſides) of the Polygon. 


1 33 


b Bi C RDM EE A 


Let the Line F A be equal to the Radius f h, and to 
it at Right Angles draw the Infinite Line A B CD, Cc. 
out of which take A hequal to 4 h, B equal toh 5,B 7 equal 
to b jand i Cequal to i cc. So that the whole Lin? ABCD 
E A may be equal to the whole Compaſs or Perimeter 
of the Polygon 4 be dea. Alſo draw FF parallel to N 
A A, So that all the Perpendiculars Fh Fi FR, Cc. may 5 

| 


r 


be equal to the Radius fh or fi, &c. Tis then Plain 
that the Triangle AFB will be equal to the Triangle 
af bin the Polygon, and the Triangle B FC to bf: 
and alſo CED to fd, &c. ſo that all theſe Triangle: 
taken together will be equal to all theſe in the Poly- 
gon, or to the whole Polygon. 

But the Triangle FA A is equal to all the five Tri- Þ 
angles within the Parallels; becauſe drawing the Lines, 
BF, CF, DF, &c. The Triangle FAB will be equal) 
to FAB, FBC to FBC, &c. (3. 16) wherefore th: 
Triangle FA A is equal to the Polygon, which was to 
be proved. | | 

25. Every Regular Polygon is equal to a Rectangle 
Triangle, one of whoſe Legs is the Perimeter of the Po- | 
lyzon, and the other a Perpendicular drawn from the 
Center, to one of the ſides of the Polygon. The Proof 
of which is the ſame as that in the p:ecedent Propo- 
ſition; For all the Perpendiculars Fh, Fi, fk, &c. are 
equal &c. See the laſt Figure. = 
26. Every Polygon Circumſcribed about a Circle is 
digger than it; and every Polygon Inſcribed is _ 

| tac 


1 Tc # — 4 a * 
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| that Triangle ſhall be greater than 
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the Circle. As is maniteſt, becauſe the thing containing 
is always greater than the thing contained. 

27. The Perimeter or (as ſome call it tho? Improper- 
ly) the Circumference of every Polygon Circumſcribed 
about a Circle, is greater than the Circumference of 
that Circle; and the Perimeter of every Polygon In- 
ſcribed is leſs, as is plain from the 21ſt of the 2d 
Book. 

28. If in any little Segment ofa Circle 
you Inſcribe an Iſoſceles Triangle! as 
420 c, ſo that 4b be equal to bc: I ſay 


half the Segment. For if you draw a 
Tangent eb d which ſhall be Parallel to 
c4; and which ſhall be asc 2 is Perpen- 
dicular to the Radius f; (4. 5) (4. 6.) And then Com- 


pleat the Rectangle 4edc; That Rectangle will be 


greater than the whole Segment a bc: But the Tri- 
angle abc is the half of that Parallelogram (3. 18) And 
therefore muſt be greater than half the Segment ah c. 

29. Let there be a Tangent 4d b, a Secant feb, a 
Chord ac, and another Tangent cd, 
I fay that the Triangle 4bc is more 
than half the mixt Triangle 4 cb, 
comprehended between the Lines ab, 
be and the Ark of the Circle 4c. For 
in the Triangle d 6 c the Angle c being 
a Right one (4. 5) the fide 4b is longer 
than 1c (2, 17) That is, than da; which 
is equal to de (4. 7) Wherefore the 
Triangle bd c (having 4 longer Baſe 
but the ſame heighth with a de) muſt be greater 
than it; (as may be collected from (3. 17.) And therefore 
it muft be greater than the half of the whole Triangle 
«cb, But the Triangle 26h is greater than the mixt 
Triangle made by the Ark ac and the two Right Lines 
4b and ch and therefore the Triangle h 4c (which is 
more than the half of acb) muſt be greater than the 
half of the mixt Triangle 4b c, Q. E. D. 


30. From 
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30. From theſe two laſt Propoſitions, it follows that 
by multiplying the ſides of Polygons you may make 
them ſo Circumſcribed about or Inſcribed in Circles, that 
the Difference by which the Circumſcribed exceeds, 
or the Inſcribed wants of the Circle ſhall be as ſmall Þ 
as you will. Becauſe if from any Quantity what-ever, Þ 
you take more than the Half, and from the Remainder Þ 
more than its half, and again from that Remainder 
more then its half: You may by doing this very often 
at laſt come to leave a Remainder as ſmall as you pleaſe; 
as is Self-evident. Thus (See the 28th Figure) After 
a Triangle is inſcribed in a Circle that ſhall be leh ÞÞ 
than it by three great Segments, you may inſcribe a 
Hexagon that ſhall exceed the Triangle by thoſe 3 Þ 
Segments, but ſhall be leſs than the Circle by the (ix Þþ 
little Segments; that are left white in the Figure. | 
But thoſe ſix white Segments taken together, do 
not contain ſo much ſpace as the half of the three former 
Shaded ones, (4. 28.) After this you may alſo Inſcribe Þ 
a Duodecagon ; which will be leſſer than the Circle by Þ 
12 ſmaller Segments; which 12 Segments will Þ 
ſtill be leſs than the half of the ſix Segments of the Þ 
Hexagon: And thus may you by increaſing the Num- 
ber of ſides of the Polygon, Leſſen the difference by | 
which the Circumſcribing Circle exceeds it, as much as | 
you pleaſe. So likewiſe on the other hand, you migſit | 
have firſt Circumſcribed a Triangle, then an Hexagon, 
and then a Duodecagon &c. (and have made, that way, | 
the Difference between the Circumſcribing Polygon ani 
the Circle, as ſmall as you would.) 1 
21. Every Circle is equal to a Rectangle Triangle, | 
one of whoſe Legs is the Radius, and the other a | 
Right Line equal to the Circumference of the Circle: | 
For ſuch a Triangle will be greater than any Polygon 
Inſcribed, and leſs than any Polygon Circumſcribed, ( 
24, 25, 26 and 27 of this 4th Book) And therefore m 
be equal to the Circle. 0 
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For ſhould it be greater than the Circle, be the ex- 
ceſs as little as it will, a Polygon may be Circumſcrib'd, 
whoſe difference from the Circle ſhall be yet Jeſs than 
the difference between that Circle and the Rectangl'd 
Triangle : And that Polygon will be leſs than the Tri- 
angle; which is Abſurd, And if it be ſaid that this 
Rectangl'd Triangle is leſs than the Circle; an Inſcri- 
bed Polygon may be made, which ſhall be greater than 
that Triangle, which is impoſſible. 

« This kind of Demonſtration which we here uſe and 
&« which is call'd Reductio ad Abſurdum ſive ad Impoſſibile, 
« js one of the fineſt Inventions of the Ancients ; And 
&« on it is founded all the Geometry of 1ndiviſibles ; fo that 
« ] cannot but much wonder ſome of our Modern Au- 
« thors ſhould reject it as indirect and deficient, But if 
« we muſt arrive to ſuch a point of Nicenels, that we 
can't bear any Demonſtration, unleſs it be Direct and 
« Poſitive; *tis eaſie enough to give this before us ſuch 
« a turn, as ſhall render it Regular and Direct. 

4 For this cannot but be admitted as a Principle; That 
© if two determinate Quantities a and b are ſuch, that every 
« other imaginable Quantity, which zs greater or leſs than a, 
44 xs alſo greater or leſs than b; Thoſe two Quantities a and 
« b muſt be equal. And this Principle being granted, 
« which is ina manner Self-evident, it may directly be 
4 prov d that the Triangle (before mention d) is equal 
* tothe Circle: Becauſe every Imaginable Inſcrib'd Fi- 
« gure which is leſs than the Circle, is alſo leſs than the 
„Triangle: And every Circumſcrib'd Figure greater 
* than the Circle, is alſo greater than the Triangle. 

This is that which is call'd the Quadrarure of (or qua 
ing) the Circle, which conſiſts in finding a Square, Tri- 
angle, or any other Rectilineal Figure exactly equal to a 
Circle. And this would eaſily be done, could we find a 
Right. line equal to the Circumference; as is plain from 
this laſt Propoſition. But ſuch an Equality is not to be 
found Geometrically. 


D 22. If 
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32. If a Right. line could be diſpos d into the form of 
the Circumference of à Circle, it would contain more 
* Space than any other Figure, or Regu- 
lar Polygon whatſoever. Suppoſe the 
Circumferenc? of the Circle 460 d, to 
be diſpos d into the Form of à Square, or 
into any other regular Polygon: So that 
all the Sides eg, g h, hi and ie together 
may be equal to the Circumference 

4 bed ILlay the Circle is greater than 
l that Square. For the Circle is equal 
to a Rectangle Trianglr one of whoſe Legs is the Radius Þ 
f 4, and the other the Circumference. And the Polygon 
is equal alſo toſucha Triangle, one of whoſe Legs is the 
lame Circumferenc 46 or the Sum of the Sides 
geib; and the other Leg is the Line f (4.:25.) But 
as the Line fo is lets than the Radius fa, ſo the ſecond Þ 
Triangle which is equal to the Polygon, muſt be leſs than 
the firſt which is equal to the Circle, and therefore the 
Square or Polygon muſt be leſs than the Circle, which Þ 
vas to be Demonſtrated. f 
- And this is what we mean when we uſually ſay, Þ 
ce that of all Meperimetrical Figures (or which have equal Þ 
- & Perimeters or Circumferences) the greateſt is the Circle. 
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BOOK V. 
Of Solids. 


Right Line is ſaid to be Right upon a 
Plane, when it itands on it at Right An- 
gles, juſt like a Pillar on the Ground, and 
is inclined no more to any one tide ot the 
Plane, than to the other. 

2. Two Planes are parallel to each other, when all 
the Perpendiculars that can be drawn between them, 
40 equal. (That is, when they every where are equally 
diſtant.) | 

3. One Plane is Right or perpendicular to another 
Plane, when like a well-made Wall, it inclines and leans 
on one fide no more than it doth on the other. 

4. A ſolid Angle is made by the meeting of three 
or more Planes, and thoſe Joining in a Point; like the 
Point of a Diamond well cut. Her 

5. If we imagine a Line as 
4b, fixt above in the Point 2, 
to be moved along the ſides of 
any Polygon 4; that Line 
dy its Motion ſhall deſcribe a 
Figure that is called a Pyramid. 

5, The Polygon is called the 
Baſe of the Pyramid. 

7. If a Line faſtned, as be- 
fore, move round a Circle, as 
dhe, it will deſcribe a Cone; 
and the Circle is its Bale, 1 
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a Line draun from the Centre e to 4, is call'd its Axj, 
8. If a Line 4b move uniform- 
ly about two Polygons g fA and 
4cb, which are every way equal, 
having their Sides and Angles 
mutually Parallel and Correſpon- 
ding exactly to one another, as 
af to be, fg to de, Ce. then 
that Line ſhall by its Motion de- 
ſcribe a Figure which call'd a 
Priſm, and the Polygon is its Baſe, 
9. If the Baſe of a Priſm be a 
Parallelogram, then that Priſm is call'd a Parallelopiped. 
10. If a Line 4b move uniformly 


Da Da round two equal and Parallel Cir- 
4 oy cles, it ſhall deſcribe or generate 2 
d SO 


b Cylinder 0 
4 7 11. The Line joyning the Cen- 
| tres e, e, in the two Baſes is call'd 
the Axis. | 
There is no need of conceiving two Baſes, equal, 
« Parallel and oppoſite, for the Geneſis of Priſins and 
Cylinders. For they will be deſcrib'd as well by Ima- 
« gining a Line moving round the Circumference o 
« any plane Figure with a Motion always Parallel to its 
«elf in its firſt Poſition. As if 2 b be ſuppoſed to be 
« carried round any of the Baſes 4c b, keeping alway: 
e the ſame Angle with the Plane which it firſt had, it Þ 
« will delcribe a Triangular, Quadrangular, Sah 
« or Circular Priſm according to the Figure of the Baſe. Þ 
« And the upper End of the Line will deſcribe a Baſe, (a 
« you may call it) at the Top, equal and Parallel to that 
ce below. | | 
12. All theſe Figures, if the Axis be Perpendicul 
to the Baſe, are call'd Iſeſceles Priſms, or Cylinders; 
But if the Axis be any way #nclin'd, they are call þ 
Kalenes. | 


13. 


Book Vo of GEOMETRY, 37 


13. If a Semicircle ad b be turned quite round on its 
Diameter 46, it will deſcribe a Sphere or 
Globe whoſe Axis will be ab, and irs Cen- 
tre c the ſame with the Semicircle. Every 
Line paſſing thro? theCentre c and termina- 
ted at each end by the Surface of the Sphere, 
3s call'd a Diameter, and may be call d an 
Axis. 

14. All Lines drawn from the Centre c to the Surface, 
are call d Radius, and are all equal to one another. 

15. Two Right-lines if they meet ſo as to cut or croſs 
each other, are in the ſame Plane: Wherefore all the 
Angles and Sides of every Triangle are in the ſame 
Plane. 

16. If two Planes e h d and agf cut or Interſect one 
another, they ſhall do ſo in a Right- 
Line, as bd; which is call'd their com- 
mon Section. 

17. If a Right-line cd, be Perpen- 
dicular to two Lines df and 4g which 
are in the ſame Plane, that Line is 
alſo Perpendicular to that Plane. - 

18. If a Right-line de be Perpendi- 
cular to three Right-lines 4, dg and da, they are all 
three in the ſame Plane. 

19. If two Lines de, bi are Perpendicular to the 
ſame Plane fg 4 they will be Parallel to one another, 

20. If two Lines de, bi are Parallel; and you draw 
another Line, from any Point in one, to the other, as 
b4; thoſe three will be all in the ſame Plane. 

21. If two Lines de, 67 are Parallel to a third at, 
thoꝰ that third Line be not in the ſame Plane with them, 
jet they ſhall be Parallel to each other. 8 


D 3 22. It 
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22. If a Line 20 be Perpendicular to, (or mate am 
other equal Angles with) two Plant; 
fe and cd, thoſe Planes are Ps. 
rallel. 

23. If two Parallel Planes, dh 
and a fe are cut by a third 111, the 
common Sections fe and bg are la- 
rallel. 

24. If a Solid Angle be made 
4 bx three Plane Angles, any tuo 

of thoſe are always greater than the 

a hk FF] third. 
All theſe Propoſitions are fo mani 

| {1 feft to one that will but conſider then 
4 LAT with 4 little Attention, that tis neet- 
| p leſs to ſtæay to Demonſtrate then, 
A (And indeed the ſolemn and Regulu 
ak ; Demonſir xrion of a thing Plain in ir, 
| ſeit, always makes it more Obſcure.) | 
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28. Every Parallelopiped is divided into two equal 
Triangular Priſms, by a Diagonal Plane, which is Per- 
pendicular to its Bale, "It 

29. Triangular Priſms having equal Baſes (aid 
Heights) or being between the ſame arallels are equal. 

30. Pyramids having equal Baſes and Heights are 
ao equal. 

21. All Priſms in General, all Cylinders and Cones, 
vith equal Baſes and Heights, are equal. 

32. Pyramids and Cones on equal Bales and of equal 
Heights with Priſms and Cylinders, are one third of 
uch riſms and Cylinders. 

33. Every Sphere is equal to a Cone whoſe Perpendi- 
cular Axis is the Radius of the Sphere, and its Balc a 
Hane equal to all the Convex Surface of it. 

34. Of all Solid Figures that can be encompaſs'd or 
terminated by the ſame Surface, the greateſt is a Sphe- 


rical one. 
35. That is call'd a 


Regular Body, whoſe Surface 15 
agg caval Viaures, And whole 
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a Linedrawn from the Centre e to 4, is call'd its Axis. 
8. If a Line 4b move uniform- 
ly about two Polygons gf 2 and 
deb, which are every way equal, 
having their Sides and Angles 
mutually Parallel and Correſpon- 
ding exactly to one another, as 
* to be, fg to de, Ce. then 
that Line ſhall by its Motion de- 
ſcribe a Figure which call'd a 
Priſm, and the Polygon is its Baſe. 
9. If the Baſe of a Priſm be a 
Parallelogram, then that Priſm is call'd a Parallelopiped. 
10. If a Line 4b move uniformly 


þ Cylinder, 
4 FT 11. The Line joyning the Cen- 
tres e, e, in the two Baſes is call'd 
the Axis. | e 
There is no need of conceiving two Baſes, equal, 
« Parallel and oppolite, for the Geneſis of Priſms and 
Cylinders. For they will be deſcrib'd as well by Ima- 
« gining a Line moving round the Circumference ot 
any plane Figure with a Motion always Parallel to its 
«ſelf in its firſt Poſition. As if 4b be ſuppoſed to be 
« carried round any of the Baſes 4c b, keeping always 
ce the ſame Angle with the Plane which it firſt had, it 
« will delcribe a Triangular, Quadrangular, Quinquangular, 
« or Circular Priſm according to the Figure of the Baſe, 
« And the upper End of the Line will deſcribe a Baſe, (as 
« you may call it) at the Top, equal and Parallel to that 
64 below. 4 | 
12. All theſe Figures, if the Axis be Perpendicuiar 
to the Baſe, are call'd Jſoſceles Priſms, or Cylinders; 
2 if the Axis be any way inclin d, they are call d 
Kalenes. e 


13. If 


Da Oa round two equal and Parallel Cir- 
N cles, it ſhall deſcribe or generate a 
d O 


. 


are in the ſame Plane, that Line is 
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13. If a Semicircle 44 be turned quite round on its 
Diameter #46, it will deſcribe a Sphere or 
Globe whoſe Axis will be 46, and irs Cen- 
tre c the ſame with the Semicircle. Every 
Line paſſing thro theCentre c and termina- 
ted at each end by the Surface of the Sphere, 
is call'd a Diameter, and may be call d an 
Axis. 

14. All Lines drawn from the Centre c to the Surface; 
are call d Radius, and are all. equal to one another. 

15. Iwo Rigzht- lines if they meet ſo as to cut or croſs 
each other, are in the ſame Plane: Wherefore all the 
Angles and Sides of every Triangle are in the ſame 
Plane. 

16. If two Planes e h d and 2g cut or Interſect one 
anotber, they ſhall do ſo in a Right- 
Line, as bd; which is call'd their com- 
mon Section. 

17. If a Right- line cd, be Perpen- 
dicular to two Lines 4 f and 4g which 


alſo Perpendicular to that Plane. 

18. If a Right-line dc be Perpendi- 
cular to three Right- lines 4f, dg and d, they are all 
three in the ſame Plane. 

19. If two Lines de, bi are Perpendicular to the 
ſame Plane fg « they will be Parallel to one another. 

20. If two Lines dc, bi are Parallel; and you draw 
another Line, from any Point in one, to the other, as 
d; thoſe three will be all in the ſame Plane. 

21. If two Lines dc, bi are Parallel to a third 2+, 
tho? that third Line be not in the ſame Plane with them, 
yet they ſhall be Parallel to each other. 


D 3 22, It 
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22. If a Line 20 be Perpendicular to, (or make any 
other equal Angles with) two Planes 
fe and cd, thoſe Planes are Pa- 
rallel. | 

23. If two Parallel Planes, d hg 
and afeare cut by a third i ii, the 
common Sections fe and bg are a- 
rallel. 

24. If a Solid Angle be made 
by three Plane Angles, any two 
of thoſe are always greater than the 
third, 

All theſe Propoſitions are fo mani- 
feft to one that will but conſider them 
with 41 little Attention, that tis need- 
leſs to ſtay to Demonſtrate them. 

(And indeed the ſolemn and Regular 
Demonſtration of a thing Plain in it's 

ſelf, always makes it more Obſcure.) 

25. The Plane Angles, concurring to make a Solid 
one, taken all together, are always leſs than four Right 
ones, For if they ſhould make four Right Angles, 
they would form a Plane and not an Angle. Wheretore 
that they may make a Solid Angle they muſt be leſs than 
four Right ones. 

Tis a very good way in order to gain a clear Idea of Solids 
end their Angles, ib make the Regular Bodies out of thick 

Paper or Paſt- board, as you are directed hy Dr. Barrow, at 
the End of bis thirteenth Book of Euclide ; and by many 6- 
ther Authors, ; 

26. In all Parallelopipeds the oppoſit Planes areequal; 
as is eaſie to coficeive (from 5. 9.) | 

Tyre eight following Propofitions ( ſays our Author) are 
Demon ſtrated in the ſecond Part of the Elements : Aud 
22 be ſo bere, by applying to Solids what is Demonſtrated 
of Planes inthe third aud fourth Book. But there is no need 
to ſtay to do it nom. } | 

227. All Parallelopipeds having equal Baſes (and 
Heights) or being between the ſame Parallels are equal 

(3.14.0 28. Every 


CI 
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28. Every Parallelopiped is divided into two equal 


Triangular Priſms, by a Diagonal Plane, which is Per- 


pendicular to its Baſe, 210 

29. Triangular Priſms having equal Baſes ( and 
Heights) or being between the ſame Farallels are equal. 

30. Pyramids having equal Baſes and Heights are 
a ſo equal. 

21. All Priſms in General, all Cylinders and Cones, 
vith equal Baſes and Heights, are equal. _ 
232. Pyramids and Cones on equal Baſes and of equal 

Heights with Priſms and Cylinders, are one third of 
uch 1riſms and Cylinders. 

33. Every Sphere is equal to a Cone whoſe Perpendi- 
cular Axis is the Radius of the Sphere, and its Baſc a 

ane _ to all the Convex Surface of it. | 

34. Of all Solid Figures that can be encompaſs'd or 

tzrminated by the ſame Surface, the greateſt is a Sphe- 
rical one. | 

35. That is call'd a Regular Body, whoſe Surface is 
cmpoſed of Regular and equal Figures. And whoſe 
So lid Anglesare all equal, as are | 
36. The Terahedron, which is a Pyramid, compre- 
headed under 4 equal and equilateral Triangles; ſo 
that its Baſe is equal to each Side. | 


37. The Hexthedron or Cube, u hoſe Surface is com- 


posd of fix equal Squares, like Dice which are us'd in 
Play. 2 
| 30. The O& aledron, which is bounded by eiglit equal 
and equilateral Triangles. | 

39. The Dodecabedron, which is contain'd under 
twelve equal and equilateral Pentagons. 

40. The Foſthedron, coatifting ot twenty equal and 
<quilateral Triangles. | 

41. Beſides theſe five Feeular Bodies, tis not poſſible 
to find any others that ſhall correſpond to the Definiti- 
on; which is thus Demonſtrated. | 
Io begin with equilateral Triangles, which are the 
moſt Fm leck all Reftilinea! Figures. Of theſe there 
muſt be three at the leaft to make a Solid Angle, and 

D 4 three 


' 
| 
| 
f 
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three of them join'd together will juſt make the Tetra- 
bedron. For thoſe three Triangles meeting in a Point do 
form a Triangular Baſe ſimilar and equal to the Sides; 
as appears by the bare compotition of the Figure, four 


ſuch Triangles join d together in a Point make the Angle 


of the octabedron. 

By joining five ſuch Triangles together the Angle of 
the Jcoſibedron is form'd. 

But fix ſuch Triangles join'd in a Point cannot makea 
Solid Angle: Becauſe they make four Right ones (fo 
every Angle of an equilateral Triangle  * of two, or i f 
one Right Angle, either of which fractiont Multiplied by fi 
gives four Right Angles.) Whereas every Solid Angle i; 
made up of ſuch plane Angles as all together muſt be lel; 
than four Right ones (5. 25.) So that with Triangle; 
tis Impoſſible to form any more Regular Bodies thar 
theſe three. | 

Next if you take Squares and join three of them te- 
gether, they will make the Angle of the Cube: And 
there can no other regular Body but a Cube be made 
with Squares, for four Squares jin'd together will not 
make a Solid Angle but a f lane. (5. 25.) 

If you join the Angles of three Pentagons togetaer 
you will conſtitute the Angle of the Dodecahedron ; 
But four ſuch Angles cannot make a Solid one, | 

And laſtly, Three Hexagons joined together do make 
juſt four Right Angles, and therefore they cannot make 
a Solid Angle: And as for three Heptagons, or other 
Figures of yet more Sides, they can much leſs do it; 


"(becauſe their Angles being very obtuſe, three of them wil 


exceed four Right ones.) So that upon the whole ts 
plain, that of theſe ſive Regular Bodies, three are made of 
Triangles, one of Squares, and one of Pentagons, ard 
there can be no other. | 


BOOK 
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BOOK VI. 
Of Proportion. 


HEN we ſpeak of Magnitude and 
lay that any Quantity is great, 
we always make a - Compariſon 
between that Quantity and ſome 
other of the ſame Nature, in re- 
ſpe& to which we ſay that it is great. 
Thus we ſay of an Hill that tis Little, or of a Dia- 
mond that tis Large, becauſe we compare that Hill with 
others that are Higher, and in reſpe& of them tis 
Little; and we compare that Diamond with others that 
are Little, and in reſpect of them we ſay tis a Large 
one, 7 

2. When we conſider one Quantity in reſpett of ang- 
ther, to ſee what Magnirude it hath in comparilon of 
that other: That Magnitude ſo found is call'd.its Auio, 
or Reaſon; tho* it would be more intelligible if it were 
call'd Compariſon. * | 

3- That Quantity which is compar'd with another is 
call'd the Amecedent and that otber with which it is com- 
par d, is call'd the Conſequent. | 
4. When we confider. four Quantities and com- 
"pare them (by Pairs) two with two; 6 


as 4 four with b 2, and c 6 wittd 3. 4 
If we find that « hath as much Mag- 25 
{E 


nitude (or is as big) in compariſon gf 

b; as c hath in compariſon of 4: Then 4 

- we ſay that their Ratio's are Equal; 

that is, the Ratio that a hath to ö is equal to the 4 


— — — — — 
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of c to d: For as 4 is twice as big asb; ſo cis twice as 
as big d. Zig 

5. But if 44 hath more Magnitude in reſpet of h 2, 
than c 6 hath in reſpect of e 5. I hat is, if as 2 4 is twice 
as bigasb2, c6 be found not to be twice as big as e 5, 
Then the Katio's are — And we ſay 4 hath a grea - 
ter Ratio to õ then c hath to e. So that to have a grea- 
ter Ratio, is nothing but to have more Magnitude, or 
to be bigger, in reſpect of a ſecond Term, than a third 
is in reſpett of a fourth. 

6. The Equality of Ratio's is call'd Proportion ; and 
when we find that of four Quantities or Numbers, the 
firſt hath as much Magnitude (or is as big) in reſpett of 
the ſecond; as the third is in reſpect of the fourth; 
then we ſay that thoſe four Quantities are Proporti- 
nals. 

The better to make the Myſteries of Proportion compre- 
bended, which paſs for rhe moſt difficult things in Geometry, 
us unqueſtionably they are the moſi Important, I will explain 
them by an Example ; which (in my Opinion) will render 
all thoſe things very Imelligible, which otherwiſe appear very 

plext. 
we Let us imagine the Circle b Ad to be deſcrib'd' by 


the Motion of the Line ob round the Centre . And 


at the ſame time let the Circle cx e 
be deſcrib'd by the Motion of a 
Point c in the Line 0b, Let us ſup- 
poſe alſo that the Line oh be moved 
once round again, and at laſt to ſtand 
in the Poſition od. Let the Ark 48 b 
be call'd B, and the Ark e De, be 
calld D. Let A be put for the 
whole outer Circle, and 4 for the 


: __. _whote innerone* 445 
Now if we compare the whole Circle A with its Ark 
B, and the whole other Circle 4 with its Ark B. We 
ſhall find plainly, that the Circle A is juſt as big in re- 
ſpett of the Ark B, as the inner one a is in reſpect of 
the Ark D; and therefore if B be a fourth, or any other 
* part 


Book VI. Of GZEOMETRx. 43 


part of the Circle 4, Y alſo will be a fourth, or the 
lame proportionable part of its Circle a. Which we 
uſually expreſs by ſaying, as A is to B, fo is 4 to D. 
And write it thus A. B:: 4. D. | 

8. If yon ſhould change the Order of the Terms, 
and compare B with Aand D with 4; you will find plain- 
iy that B. A:: D. 4. So that ſuppoting A. B:: 4. D, we 
cannot but preſently conclude by In verſe Proportion, 

9. If you change them ſo as to compare Antecedent 
with Antecedent and Conſequent with Conſequent; you 
will find Alternate ly, that A. 4:: B. D. And this is very 
plain; for if the whole Circle A be double, Triple ot, 
vr in any other Proportion, to the Circle 4; the Ark B 
muſt be alſo double, triple of, or in the ſame Proportion 
to the Ark D. This I lay is plain, becauſe the two Cir- 
de. A and 4 are deſcribd by the Motion of the 
Line oe; ſo that while b deſcribes the Circle A, c de- 
ſcribes the inner Circle 4: and while b deſcribes the Ark 
B; c alſo deſcribes the Ark D. And this by one common 
circular Motion; only the Point c meying much flower 
than the Point b, deſcribes a Circle much leſs, in propor- 
tion to the ſlowneſs of its Motion: Thus alſo when the 
Point 6 ſhall have deicrib'd the Ark B, the Point c in like 
manner will have deſcrib'd the Ark D, which will be 
much leſs than B; in proportion to the flownels of its 
Motion. | , 
10. If we compare the differences between the An- 
tecedents and Conſequents, with 
their Conſequents; as for Inſtance, / 
Aleſs B with B, and 4 les D with D, 
we ſhall find they alſo are Proporti- 
onal :; And that A leſs B. B:: 4 lets 
D. D. | 

For tis manifeſt that the Ark Ad \ 
(which is Aleſs B) is to B as the AK 
eae (which is a leſs D) isto D. And 
this is call'd Proportion by Diviſion, 
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11. If we add the Antecedents and Conſequents to- 
gether; we ſhall find that 4 more B. is to B:: as a more 
D is to D. Which is call'd Compoſition, 
12. And if we ſhould ſay that A. A leſs B:: 4. a leſs 
D. This kind of Proportion is call'd Converſion. 

13. It we take many Quantities which are proportion - 

able and conſider them in Rows two 

by two: As B. f:: D. j. and f. g:: i. x, 
&c. Then we may conclude that if we 
compare the firſt and the laſt; B. g: 
Du. 

And this is call'd Proportion by E- 
quality: in Latin, Ex æquo ordinata. 

The Proporſition which follows is a little 
Intricate, but F no great Importance, ſo it may be omitted. 

14. But if you take f. g:: o. D. That is, as the laſt 
ſave one, is to the laſt of all in the firſt Row, ſo is ſome 
other Quantity o to the firſt in the ſecond Row; then 
we conclude that B. g:: o. i. That is; as the firſt is to 
the laſt in the firſt Rank: : ſo is this other Quantity o to 
the laſt ſave one in the ſecond Rank. And this Propor- 
tion is call'd ex æquo Perturbata. But it may always be 
juſtly infer d, for ſince f. g:: (or i. 1::) o. D. Alter- 
nately and Inverſly it will follow that o. i:: D. n. or as 


2 It B be taken as often as D. ex. gr. 3 B and 3 D. we 
may conclude that B. D:: 3 B. 3 D. or as 10Bto1oD; or 
alſo as 12 3 B. to 121 D. And ſoon in whatſoever Propor- 
tion the two Magnitudes B and Dare multiplied, ſo they 
are multiplied, equally, or that you take one as often as you 
tale the other. For then there will be the ſame Propor- 
tion hetween the Magnitudes thus equally multiplied, 
as there was between the ſimple Magnitudes, before ſuch 
multiplication. And theſe Magnitudes thus equally 
multiplied are call'd Equi multiples of the ſimple Mag- 
nĩitudes Band D; and we ſay that Equi multiples are in 
the ſame Proportion as ſuch ſimple Magnitudes, out of 
which they are compounded. ' © * peg of 

+4 & 10. 


Aby B; 'tis the ſame thing as to make 
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16. If B be divided in the ſame manner as D is; and 
ex. gr. you take a fourth part of B and the like of D; 
or & tenth or any other part of B, and the ſame of D. 
Then will theſe Parts be Proportional to their wholes, 
B. D:: B (or , B.) is to 4, or + D. All which is 
Self. evident. ä 

17. To multiply one Line by another is to make a 
Rectangl'd Parallelogram, whoſe two 


Contiguous Sides ſhall be the two Lines C 

given, Thus if you multiply the Line b 
the Rectangle 466 ; whoſe Side ab 4A B— 
is equal to A and c to B. 

18. To multiply a Rectangle or any otlier Surface by 
a Right- line, is to make a Rectangle 
Parallelopiped ( or Priſm) (5. 9.) 
whoſe Baſe ſhall be the Surface gi- 
ven, and its Perpendicular height the 
Line given. 

Thus to multiply the Surface 46 4 c 
by the Line E, is the ſame thing as 
to make a Solid 46g he whoſe Baſe 2 
is the Surface given 4 d, and its height 4eor bf, equal 
to E the Line given. | 

19. And the better to conceive theſe Multiplications, 
we may imagine the two Lines as if 
they had ſome little breadth, and d 6 
their whole lengths to be divided in- 
to little Squares as yon ſee in theſe 
Figures; Where A is a Line (or 
rather a Ruler) containing 3 ſmall 
Squares; and Bis another Ruler con- 
taining ſix ſmall Squares of the ſame 
breadth with thoſe in A. 

Wherefore to multiply B by A or 
Aby B, is to take the Rule B, as of- 
ten as there are little Squares in 4, 
or which is all one at laſt, to take 4 
as often as there are Squares in B; 
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lo B, being taken three times makes the firſt Rect- 
angle, containing 18 ſuch little Squares; and A taken 
6 times will make another Rectangle containing alſo 
18 Squares and in the whole Equal to the former. 
20. Obſerve here, that the ſame Multiplication will 
be made tho” the length of either Line doth not conſiſt 
exactly of ſuch a certain Number of ſmall Squares. As 
for inſtance ſuppoſe in A there be juſt three Squares, but 
in B ſix and an half, a Quarter or any other Part: Or any 
Exceſs be it what it will, and there mark'd with 4 (ſee 
Fig. preced.). 

Then need B be taken only three times (as before) to 
be multiplied by A, and the Product will be the firſt 
Rettangle B containing 18 whole Squares and fix of the 
Parts or Exceſſes d. So in like manner if 4 had been 
multiplied by B, that is taken fix times and an half, or 
fix times, and the exceſs 4; The Rectangle A would be 
produced conſiſting as the former of 18 whole Squares 
and of fix Exceſſes of d. That is cach Rectangle will con- 
tain in the whole (if d be half of one of the Squares) 
juſt two whole Squares. 

21. If we imagine the former N 52 be N 
one half; (Saitb Pardie, tb 

As what he means by it is not edjie 
fates to conceive, and bis Latin Tran- 
flator leaves it as he found it) Or 
if we imaginethe little Squares 
in B to be ſubdivided into others, 
that are juſt half of the former; 
after this, its length remaining 
ſill the ſame, it will have 12 
ſmall Squares (i. e. its length 
will be 12 times greater than 
its Latitude) and if Abe con- 
tracted as to Latitude (or have 
1222. tt its Diviſions or Squares leſſew'd 
3 —＋＋◻ ] inthe ſame Proport iun:) Then 

| in A there will be fix ſmall 
Squares: So that now if Abe multiplicd by B, os 74 
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A: Tuo Rectangles will be produced equal in the whole 
to the two former, for B taken ſix times makes the firſt 
Rectangle containing 72 ſmall Squares; and A taken 
12 times makes the other Rectangle containing alſo 
72 Squares: Now theſe 72 Squares are in reality neither 
more nor lels than the 18, of the other Rectangles, 
(tho drawn larger that the Subdiviſions may appear) be- 
cauſe one of thole 18 contain'd as much ſpace as, or an- 
ſwer d to 4 of theſe 72, as is apparent from the (Black 
Lines in the) Figure: So that whatſoever breadth, tho 
never ſo ſmall be given to theſe Lines, by Contracting 
(or ſubdividing the linle Squares) infinitely, tis plain the 
Rectangles made out of them by Mulciplication, will 
ſtill be the ſame. And from hence we may boldly ſup- 
poſe the Lines, for Indiviſibles ; and that they may be 
ede one into ano her, hen a Rectangle is made 
out of them; becaule the Magnitude of this Rectangle 
never varies, tho ſome very ſmall Breadth be allow d to 
the Lines. | | . 

22. Tis very eaſie to apply all this to the Multiplica- 
tion of Solids; But then inſtead of Squares, we muſt 
Imagine Cubes: For if you conceive a Surface compos'd 
of 12 Cubes, and on the other fide a Line conſifing of 
two Cubes: The Superficies conſiſting of 12 Cubes 
will be multiplied by the Line of two, by taking that 
Superficics as often as there are little Cubes in the Line 
i. e. Twice, and ſo a Solid will be produced conſiſting 
of 24 ſmall Cubes. | 

23. By all which it appears, that theſe ſmall Squares 
and Cubes in the Multiplication of Lines and Surfaces, 
are the ſame things as Unites in the Multiplicatiun of 
Numbers. For as to multiply one Number by another 


v. gr. 3 by 5, is only to take 3 as often as there are U- 


nites in 5, or to take 5 as often as there are Unites in 33 
and either way the Product will be 15: So to multiply 
one Line by another is to take either of thoſe Lines, as 
often as there are little Squares in the other: And to 
multiply a Surface by a Line, is to take that Surface, as 
often as there are (ſuppoſed) Cubes in that Line. 4 

. E 
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We ſhall ſpeak in another Place of the Multiplication of 
Surfaces by Surfaces, or by Solids : From whence reſult ſuch 
Compoſitions, as are ſaid to have more than three dimenſtons. 
24. All Magnitudes may be expreſs'd by Lines: As 
if one Magnitude be double or triple of another, or in 
any other Ratio, two Lines may eaſily be taken, of which 
one ſhall be double or triple of the other, or in any o- 
ther like Proportion with thoſe Magnitudes ; So for 
Inftance, to expreſs two Times, as one Hour and two 
Hours; or two Velocitiesof which one ſhall be double to 
the other; you need only take two Lines, as 4 double of 
b; and then you may ſay that 4 repreſents two Hours or 
Velocities, and 5 anſwers to one of each: and then you 
may proceed to compute with thoſe two Lines, as with 
the Hours and Velocities themſelves, Cc. 

25. To know the Proportioh of a ＋ the Re 
tio of the Length of One to the Length of the Other, 
and moreover the Ratio of the Breadth of One to the 
Breadth of the Other muſt be known. . 
For Example; To know what Proportion the Redtan- 
gle ac hath to eg: Tis not enough only to know 
| that the Length 40 is triple of eb; 

a__þ but it muſt be known alſo that ad is 
i double of ef. For if 47 be taken equal 
© to ef, the Rectangle ö i will be triple 

E JP of e g, becauſe 4b is triple of eb, and 
4 e 41 equal to ef, And moreover becaule 
| id is alſo equal to 47, or ef (for ad is 
ſuppoſed to be double of 4 i, and of ef) the Rectangle ic 
ſhall alſo be triple of eg; ſo that the whole Rectangle 


4 is twice triple of the Rectangle eg; that is ſextu- 


ple of it, or containing it fix times. And what we ſay 
now only of the double or triple Ratio of their Breadths 
and Lengths, is alſo to be underftood of any other 

atio, be it what it will: For if 46 be quadruple of 
eb, and ad triple of ef, the Rectangle ac, will be 
three times quadruple of the Rectangle eg: that is 


| duodecuple of it, or doth contain it twelve times. 


But 


_— 
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But if 4 bbe duodecMe of e h, and at the ſame time 
e f be Triple of 44, then there is a certain Compenſa- 


tion made: For if Reſpect were had 
to their Breadths 4b and e h only, 
the Rectangle 4c would exceed the 
other, nay indeed contain it 12 
times: Nevertheleſs this exceſs is 
loft (in ſome Meaſure) in reſpe ct of 
their Altitudes or Heights 4 d and e h 
which if only conſider'd, the Rect- 
angle eg would be Triple of 4 c. 


A I 2 
ö rl 
2 
4 


But then when we come to compare theſe ſeveral Ex- 


ceſſes and Deficiencies together; we ſhall find that the 


Rectangle 2c being one way 12 times greater and the 


other way 3 times leſs than eg, will 
four, times as great. 


be at laſt but only 


26. And this is what we mean, when we ſay, that all 
Rectangles are to each other in a Ratio Compounded of 


that of their ſides ; for it 4b be tri- 
ple of e h and 44 double of ef, the 
Rectangle 2 c, ſhall be to the Rett- 
angle eg in a Ratio, compounded of 
the triple and the double, that is, it 
ſhall be thrice double, ox twice triple, 
or in one Word Sextuple. So allo if 
a b were quadruple of e hand à d tri- 
ple of ef; the Rectangle 4c would 


— 2 

2 
Cc = 
fig 


then be to e g in a Ratio compounded of the Quadruple 
and the Triple; fo that it would have been three times 


Quadruple, or 4 times Triple, or in 
cuple of e g. 


one word Duode- 


Moreover, if 4b were Duodecuple of eb, and a4 Sub- 
triple of ef, (that is, if ef be Triple of 44) the Ratio 
of the Rectangle ac to eg would be compounded of 


the duodecuple and ſubtriple Rgtio; 


ſo that 4c, would 


have been 12 times ſubtriple of, or in one word Qua- 


druple of e g. 


j you rake the third part of 4 Crown 12 times it will 
make, or be equal to four whole Crowns : So that four 
| B 


Cron: 
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Crowns are 12 times ſubtriple ofggne Crown; that is, do 
make 12 thirds of a Crown. 

27. From whence it will appear that if the ſides of 

wo Rectangles are reciprocally Proportional, thoſe two 

Rectangles are equal: For if 2 b be double 

a to e h, and reciprocally hg be double to 

d & cb: Or if 45 be triple of eh, and then hᷣg 

e —b be triple of bc; or in a word, if whate- 

g ver Ratio 4b hath to eh, b 4 hath back a- 

FE gain the ſame Ratio to bc, tis plain that 

as much as the firſt Rectangle a c exceeds 

the other in length, juft ſo much is it exceeded by the o- 

ther in breadth; ſo that the length of one Compenſates 

tor the breadth of the other, and conſequently it muſt be 

equal. And from hence is deduced this moſt uſeful and 
important Propoſition ; That, 

28. If four Quantities (or Numbers) be proportional, 
the Produtt ariting from the Multiplication of the two 

middle Terms, is always equal to 

a—— that, which is made by the Multi- 

= plication of the two Extreams. As 
„ if 4b.eb:;bg. bc. 

E 5 I fay, from the Multiplication of 

| 4 the extreams 4 6 by b c there is pro- 

duced the Rettangle ac: And by 

" multiplying the middle Terms eb 

and hg, there is produced the ReQ- 

angle eg; and thoſe two Rectangles ac and e g are e- 

qual. (6. 27.) (Becauſe, as much longer as a b is than eh, 

1118 ſo much longer «hg than bc.) 

What is thus done by Lines and Rectangles, may be 
done by any Quantity whatſoever ; becauſe all Quantities 
can be expreſs'd by Lines, and all Multiplications of 
Magnitudes by Multiplications of Lines, i. e. by Rect- 
angles. (G. 24.) N 

29. When Rectangles have their ſides Proportional, 
ſo that ab. e h:: 4 d. ef. then is the Rectangle ac to the 
Rectangle e g, in a Duplicate Ratio, to that of their Sides: 
vor the Ratio of ac to eg, is Compounded of the * 

My 0 
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of 46 to eh, and of the Ratio of 4d to ef. (6. 26.) 
But the Ratio of 40 to e h is in this 

Cale, (by the Suppoſition) the ſame 4 p 5 
as the Ratio of ad to ef; ſo that to * 
gain the Ratio which the Rectangle 4 ö 
ac hath to eg. We need only take 4 | 
twice the Ratio of ab to eb. For 3 7 
Example, if as here 20 be double e L 
to e b, and ad double to e f, the Ret  ZJ]* 
angle ac ſhall be twice double, that 8 
is, Quadruple of the Rectangle eg. And if ab had 
been triple of eh, and conſequently ad triple of e 4: 
Then the Rettangle 4c would have been three times 
triple, that is nine times as big as eg: Or if ab had 
been Quadruple of eh, 4c would have been 16 times 
as great as e g. 

30. If a third Line be taken as 0 ; and it be ſo pro- 
portional that 4 b. e h:: e h. no. Then ſhall 
the two Rectangles 4b and eg be to one 1. 0 
another as the two Lines 4b and z 0. (vid. 

Fig. Preced.) 

For 4b is to no in a duplicate Ratio of 4b to e h. And 
if 4b had been, (as it is double, ) triple or quadruple of 
eh. Then would 4b have been in a Ratio three rimes 
triple; or four times quadruple of ( tbat js nine or 
16 times as great as) the third Proportional no. 

31. Thoſe Rectangles which have their ſides thus 
Proportional: That a b. e h:: ad. ef. are call'd Similar, 
whoſe Homologous Sides are thoſe which anſwer each to 
other in the Proportion, as ab and eh, or a d and ef: 
For as 4b is the greateſt ſide of the Rectangle ac, ſo 
eh is alſo the greateſt fide of the Rettangle e g. 

32. All Squares are ſimilar Rectangles. For tis plain 


that if 46 be double or triple 6 ans 
of eh, am muſt alſo be double *[/1+H 2H 
or triple of hi: Becauſe am is 1115722 3 
equal to 4b, and hi to eh. a c 


33. All ſimilar Rectangles . #5 


are to each other as the Squares 
| E 2 of 
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of their Homologous Sides. I ſay the Rectangle ac is 
to the Rectangle eg:: as the Square bm to the Square 
e . For as well Squares as Rettangles are to one ano- 
ther in a Duplicate Autio of 4 b toe b (6. 29,30) 

34. To know the Katio between two ſolid Rectangles, 
or Parallelopipeds there ought to be known the ſeveral 
Ratio's that their Baſes and Heights have to each other 
Becaule the Ratio of one Solid to another is compounded 
of the Katio*s of their Lengths and Breadths and Thick- 
noſſes or Heights; as is eaſie to conceive, if that be well 
underſtood which hath been ſaid, about the Proporti- 
ons of Rectangles. For if one Parallelopiped hath its 
Baſe double to the Baſe of another, and its Height 
triple of the Height of the other; The former will 
be twice triple, or three times deuble, or in one word 
Sextuple of the latter. 

35. If the Baſes of two Parallelopipeds be Reciprocally 
as their Heights, thoſe Parallelopipeds are equal : 
Which is prov'd as the 27th of this Book; for as much 
as one exceeds the other jn Breadth and Length, ſo 
much doth the other exceed it in Height. 

25, When Parallelopipeds have all their ſides Pro- 
portional, they are call'd Similar; and they are in a 
Triplicate Ratio of their Sides, as it hath been prov'd of 
Rectangles, that they are in a Duplicate Ratio of their fide. 

37. Similar Parallelopipeds are to one another as the 
Cubes of their Homologous Sides; for both Cubes and 
Parallelopipeds are in a Triplicate Ratio of their Homo- 
logous Sides. | | | 

38. All Rettangles having the ſame Heights are to 
one another as their Bales, h 

Let the Rectangles A and B be be- 

1 teen the ſame Parallel Lines 4f and 
705 I <4; ſo that 44 be equal toc f; than do 1 
a ſay that 4. B:: 4 b. c. That the Rect- 

* angle A. is to the Rectangle B. as the 
Bale 4 b. to the Baſe bc: And that if, for 

Inſtance, 45 be double to hc, then ſhall A be double to 
B. For A is nothing but the Line 64 multiplied by 
4 
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d a (6. 17.) and B is nothing but the Line c b multiplied 
by the ſame Line 4d or which is all one) be or fc. 
Wherefore (6. 15.) A. B:: 4 b. be. 

39. All Parallelograms which are between the ſame 
Parallels (or which have the ſame Height) are as their 
Baſe. I ſay the Parallelogram e 6 is 
to the Parallelogram bz:: as the ed F 4 
Baſe @ b is to the Baſe bc, For having W C1 
made the two Prick d Rectangles on N. 
the ſame Baſes, thole will be equal Ly; 
to the Parallelograms, (by 3. 14.) 6 £ 
But thoſe Rectangles are as their 
Baſes, (by th? Precedenc ) Wherefore the Pargl- 
lelograms muſt alſo be as their Baſes; That is ed. 
6g 2:4 b. ac. 

40. All Triangles which (have the ſame Height) or 
are between the ſame Parallels, are as their Baſes ; For 
they are the halves of Parallelograms. (3. 8.) 

41. When Triangles (as thoſe in the following Fi- 
cure) have their Baſes on one and the ſame Line, and 
their Vertices or Tops meeting in the lame Point; they 
are then taken to be betwcen the ſame Parallels, as 
ade and cde, or ade and bde (becauſe they have the 
ſame Perpendicular Height.) 

42. If in any Triangle a Line be drawn Parallel to 
the Baſe, that Line ſhall cut the Legs Proportionally. 
Let the Triangle be 46 c and let the 
Line de be Parallel to bc. I ſay that a 
ad. ae; :4beqc:idb.ec, &c. Nraw 
the Lines d c and e b, then ſhall the Tri- 
angle ce d be to e 4d, as the Bale ec 
is to 4e. (6. 4, 41.) So allo will the 
Triangle de h be tod e a:: as the Bale 
db. is to da, But the Triangle ec d 
is equal to 4e h (3. 16.) wherefore the 
Triangle bde (or ce d) is to the Triangle e d:: as b 4. 
is to da:: or as ce toe. Therefore alſo muſt þ 4. 4 4: : 
ge, e 4 becaule both the Ratioot b d to da, and alſo that 

22 14 os 
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. of e c. e a. are the very ſame with that of the Triangle 
be dor ce d, to the Triangle a4 e. 

5 43. If in a Triangle as ac b you draw 

a Line de Parallel to the Baſe c 6, I ſay 

that e d. b:: 4e. ac::; or as ad. 4b. 

For drawing ef Parallel to ab; fb 


0 4 . willbe equal to e d (3.9.) But by the 
c 5 Precedent f b. cb: ae. ac. wherefore 
＋ e d. ( Me bit ae. ac. or as à d. to a b. 


44. Thoſe Triangles are call'd Like, 

A or Similar which have all their three 

Angles reſpectively equal one to ano- 

c b 5 ther, er which are Equiangular : v. gr. 

If the Angle A be equal to a the Angle 

B B to band C to c, then the whole Tri- 

C angle ABC is Like or Similar to the 
Triangle 4 be. | 

45. If two Triangles have two Angles in one equal 
to two in the other, the third Angle in one muſt be 
equal to the third in the other; and the Triangles will 
be Similar ; For fince the Sum of all the three Angles 
in cach, is cqual to two Right ones. (2. 9.) If two 
Angles in one, be equal to two in the other, the remain- 
ing third Angles will be equal, 

46. All fimilar Triangles have their Sides about the 
equal Angles Proportional. I ſay, AB. ab:: AC. 
aci;: BC. be, &c, For take, in the greater Triangle 
ABC, A equal to ab, and Acequaltoac; then will 
the Triangle A5c be every way equal to a be (2. 11.) 
and the Angle Abe is equal to the Angle abc: Where- 
fore it will be alſo to B, which by the ſuppoſition was 
equal to abc, and therefore cb is Parallel to CB (1. 
31.) and Conſequently (by 6. 42, 43.) Ab. AB:: Ac. 
AC.,ch.CB. 

47. All fimilac Triangles are in a duplicate Ratio of, 
or as the Squares of their Homologous Sides, | 

Letabcbefimilarto AC B; ſo that 2 b. AB:: be. BC. 
Then firſt, if the Angles B and bare Right ones, com- 


pleat the Rectangles db and DB; which nn 
will 
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will be to one another in a duplicate Ratio of the fide 
bc to the Homologous Side BC, or 
as b c Square to BC Square (5. 29. 
31.) But the Triangle abc is juſt 
half the Rectangle bd; and the 
Triangle ABC is juſt half the Rect- 
angle D B (3. 8.) wherefore theſe 
Triangles muſt alſo be to each other 
in a duplicate Ratio of, or as the Squares of their Ho- 
mologous Sides, 

2, It the Triangles are not Rectangular, as in the 
Figures adjoined, draw the Paral- 
lelsadand AD, and compleat the 
Rectangles be dc and BEDC; 
then, 

The Triangles ad4c and ADC 
will be Similar; becanſe the An- 
gle d is equal to D (as being both 
Right ones) and alſo the Angle 
dac is equal to D AC becauſe they are ſeverally equa! 
to the (Suppos d) equal Angles acb and ACB (1. 31.) 
wherefore ac. AC;;cd.CD (6. 46.) Put 2c. AC: hc 
BC (by the ſuppoſition) and therefore cd. C D:: b. 

BC. And conſequently the Rectangles b 4 and B D are 
Similar (6. 31.) and therefore are as the Squares of their 
Homologous Sides (6. 33.) And therefore their halves 
muſt be fo too: 7.e. the Triangles abc and ABC (3. q 
18.) are to each other in a Duplicate Ratio of, ur as the | 
Squares of their Homologous Sides, O. E. D. 

48. Similar Polygons are thoſe which having an e- 
qual Number of Sides have all 
the ſeveral Angles in one, equal A a 


to thoſe in the other, and alſo the I 


ſides about thoſe equal Angles Be 
Proportional. As if the Angle E 

Abe equal to a, B to b; and S N 
moreover AB. 2b: : B C. be:: 

CD. cd than thoſe two Poly- D 
gons are Similar, | 

E 4 
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49. And among Curvilineal or Mixt Figures, thoſe 
are Similar in which you may Inſcribe, or about which 
you may Circumſcribe ſimilar Poly- 
gons; ſo that any Polygon being 


8 A Inſcrib'd or Circumſcrib'd about one 
Figure, you may Inſcribe or Circum- 
B 3 ſcribe a Similar one about the other. 
Dc Por inſtance, if having Inſcrib'd any 

C 


Polygon as A B C DEabout the great- 

erCurvilineal Figure, you canInſcribe 

another in all reſpetts Similar to it 

in the leſſer Curvilineal Figure abc de, then thoſe two 
Cury1lineal Figures are Similar. | 

In like manner having taken two mixt Figures as the 

two Segments of Circles BAC and bac; and having 

| Inſcrib'd in one any Trian- 

A | gle at Pleaſure as BAC, if 


| then you can Inſcribe in the 
BA NC 2 Sc other Segment another Tri- 
2 „% ͤ „ angle bee that ball be S- 
2. milar to the former, then 
5 ſhall thoſe two Segments be 
ſimilar Figures. And if the 
Circles of which they are Segments be compleated, they 
{hall be equal Parts of thoſe two Circles, ſo that if B AC 
be a third Part of its Circle, bac ſhall alſo be a third 
part of its Circle: And if to the Centres you draw 
the Lines BDand CD, and alſo bdand cd; the Angles 
D and d ihall be equal. (See 4. 11. and the following 
Propoſitions.) | | 
50. All Circles are ſimilar Figures. 
51. All ſimilar Polygons may be divided into an equal 
A 6 Number of ſimilar Triangles. Let 
| the ſimilar Polygons be ABCDE 
Be b and abcde; and let the firft be di- 
c Yided into Triangles by the Lines 
Fo EB and EC (3. 14.) I ſay that it 
the other be allo divided into Tri- 
0 angles by the Lines e hand e c, allthe 
Triangles in one ſhall be (reſpecively) Similar to thoſe in 
the other. 3 Fo 


E 
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For Inſtance, I ſay the Triangle 4be is Similar to 
ABE: for the Angle a is equal to A (by the ſuppoſition) 
and allo AB. ab:: AE. ae (by the ſame) wherefore 
the Triangle A 5 E is Similar to 4be. (6. 46.) Again, 
the Angle E BC may be proved equal to ehe; becauſe 
the Angle ABC is (by the ſuppoſition) equal to abc 
and it was proved (in the laſt ſtep, where the Triangle 
A BE was proved Similar to a be) that the Angle abe is 
equal to A B E; wheretore from equal things taking a- 
way equal, the Angle E BC remains equal to the Angle 
ebe. In like manner the Angle ec 6, is prov'd equal to 
ECB and conſequently (5. 45.) the whole Triangle 
ebe will be Similar to EBC; and ſo of the reſt. 

52. All ſimilar Polygons are to one another in a Du- 
plicate Ratio of, or as the Squares of their Homologous 
Sides. I ſay as the Square of AB is to the Square of 
ab:: ſo is the whole Polygon ABCDE to the Poly- 
gon abe de. For ſince all the Triangles in one Boly- 
gon are Similar to thoſe in the other (6. 51.) All in one 
Polygon will be to all thoſe in the other in a Duplicate 
Ratio of any of their Homologous Sides; that is, as the 
Square of AB is to the Square of 4b. | 

53. All fimilar Figures, even Curvilineal ones, are to 
one another as the Squares 


of any ſide of any ſimilar A 

Figures, which can be In- A 
{crib'd or Circumſcrib'd a- BA Nc bh RC 
bout them v. gr. Let there 5 0 
be two Circles, in which are E S 


Inſcribd two ſimilar Tri- W 
angles 4 be and ABC: Iſay, 

the whole Circle ABC. is to the Circle 4b: : as the 
Square of BC. to the Square of b c. or which is the 
ſame thing as the Square of the Radius B D to the Square 
of the Radius bd. For in or about the Circle ab c may 
be Inſcrib'd or Circumſcrib'd any Polygon you pleaſe 3 
(or at leaſt ſuch an one may be imagin d) (4. 30.) But 
every Polygon inſcrib'd in 4 be will have a leſs Ratio to 
the Circle AB C, then the Square of 6c hath — — 
| quare 
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Square of BC: and every one Cir cumſcrib'd about 460 
will have a greater Ratio to the Circle ABC, as is eaſie 
to prove by the Precedent, and from what hath been 
ſaid of Circles in the fourth Book. Wherefore all ſimi- 
lar Figures, Cc. 

54. All this may beapply'd to Solids. And therefore 
Similar Solids are ſuch, as have their Angles all equal, and 
the ſides about thoſe Angles Proportional; or (if they 
are of 4 Spherical or of any Spheroidical Figure) ſuch, as 
can have ſimilar Solids Inſcrib'd or Circumſcrib'd in, 
or about them, Cc. 

55. Similar Solids are to one another in a (Triplicate 
Ratio of, or) as the Cubes (of their Homologous Sides, 
&c.) ſee 6. 36, 37, c. 

(And therefore all Spheres muſt be to one another as the 
Cubes of their Diameters, &c.) 

56. If in a Rectangle Triangle abc a Line as ad be 

| drawn from the vertex or top of the 
a Right Angle, Perpendicular to the 


2 N Baſe, Hypothenuſe, or longeſt fide bc: 
1 d: c it ſhall divide the Triangle abc into 

: two other Rectangled ones, 2 h d and 
Aa c, which will be ſimilar to each othe: 
and to the whole bac, For 1. All 

* e 5 the three Triangles have one Right 

7 e m Angle. 2. The Triangles abc and 

4 bd have theAngle b common to both: 
Wherefore they are Similar (6. 45.) 3. The Triangles 
abc and adc have alſo the Angle c common to both; 
therefore they two are Similar; (and laſtly a bd and 
ad c being both Similar to one third Triangle a bc, will be 

0 to each other.) 

57. The Perpendicular a4 is a mean or middle Pro- 
portional between bd and 4c. Thatiscd.da::da. d b. 
For the Triangles cd and b d a being Similar (by the 
laſt) c4 (the lefſer Leg of the Triangle c 4 a) ſhall be 
to ad (the greater Leg) : : as the ſame a d (the leſſer 
Leg of the other Triangle a46) is to bd the greater 


Leg. (6. 46.) ye 
58. The 
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53. The Square of 44 is equal to the Rectangle made 
between c 4 and 46, For, ſince cd. da:: d a. d b. (by 
the laſt,) the Rectangle of the Extreams cd and d b is 
equal to the Rectangle of the mean Terms da and d 
(6. 28.) But the two ſides of that Rectangle being e- 
qual; becauſe tis only d a taken twice; that Rectangle 
muſt be the Square of 44; and ſo it may be laid down 
as an Univerſal Theorem, that, Cc. (The Square of the 
Perpendicular drawn from the Vertex of any Rectangle Tri- 
angle to the Hypothenuſe, is equal to the Rectangle between 
the Segments of that Hypothenuſe. 

59. The Square of a mean Proportional is always e- 
qual to the Rectangle of the Extreams. 

50. To expreſs a Rectangle you need uſe but three 
Letters. v. gr, When we ſay the Rectangle de: We 
mean a Rectangle one of whoſe ſides is b d, and the other 
dc. But if we ſay the Rectangle bc 4, we then mean 
a Oe one of whole fides is 6 and the other 
d. 

61. In every Rectangle Triangle the Square of the 
Hypothenuſe is equal to the (Sum of 
the) Squares of the two other ſides 


(or to the Sum of the Squares of the 2 
12 N 
Let the Square bm, be divided 5 4 * 


by the Perpendicular ade into the 
two Rettangles dm and 4». I ſay 
that the Rectangle dm is equal to . 
the Square of 2c; and the Rectangle . 
dn, to the Square of 4 ß: and that 
by conſequence the whole Square 
bm is equal to the Sum of the Squares of 4b and ac. 
For 1. The two Triangles a4c and 4bc being Similar 
(S. 56.) dc. 4 (in the leſſer Triangle dc a) :: as the 
ſame ac.cb in the greater Triangle ac 6. Wherefore 
4c is a mean Proportional between dc and cb (or em) 
and conſequently the Square of 40 is equal to the Rett- 
angle hc d, or dem, that is d n. 

| And 
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of Scio. 


And after the very ſame manner may 2 ö0 be prov'd 
to be a mean Proportional between 6b 4 and bc (that 
is bn, &c.) (for the Triangle a bd being Similar to abc; 
d b the leſſer Side in one will be to ba the greater ſide; 4 
that ba (now the leſſer fide in the other Triangle a b c) xs 10 
bc the greater fide : That is d b. ba: : ba. bc. (or bn) 
and conſequently the Square of a b is equal to the Rectangle 
dbn, or dn. And ſoboth the Squares together, of ba 
and a c, or their Sum, is equal to the Square of the Hypo- 
thenuſe. Q. E. D. 

62. If upon the three ſides of a Rectangle Triangle 

| h are made three ſimilar Figures, 
and thoſe fimilarily Poſited; 
the greateſt ſhall be equal to 
the other two, 

For the three Figures being 
ſimilar are as the Squares of their 
Homologous fides (6. 53.) And 
therefore the Figure A ſhall be 
to B and C, as the Square of 5 
is to the Squares of 2 b and ac. But the Square of b c 
is equal to thoſe two Squares (by the Jaft) therefore 
(the Figure A is equal to both B and C togetber,) 

63. If on the Hypothenuſe bc of a Rectangle Tri- 
angle, there be made a Semicircle 6 4e and on the o- 
ther two ſides a b and ac two more 
Semicircles hn A and amc that great 
Semicircle will be equal to the other 
two, (by the laſt Propoſition.) And 
if from the greater Semicircle, and the 
two leſſer ones you take away what is 
common to both; which are the two ſhaded Segments 
aband a c; what remains of each muſt be equal, i. e. the 
Triangle abc is equal to both the Lunes bn a and ame. 

And this is the Quadrature of the Lunes of Hippocrate- 


64. When the Triangle bas is an Iſoſceles then the 
Lunes will be equal and then alſo the Triangle 4b o, be: 


ing the half of 2 h r, will be equal to each Lune. _— 
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if the Triangle be a Scalene as in this Figure, the Lunes are 
unequal; and tis as difficult to divide the Triangle 4b c in- 
to two parts by the Line 20, ſo as to be able to prove the 
Triangle 4 bo to be equal to the Lune hn 4, and the Tri- 
angle 0 4c to be equal to the other Lune amc, this is I 
ſay, as difficult as to find the Quadrature of the Circle. 

(N. B. Since thy, ſeveral ways have been diſcovered of 
Squaring any aſſign'd Portion of theſe Lunes. See the Philo- 
ſophicat Tranſaftions N. 259: pag. 4 11. 

65. Iwo Chords cutting or croſſing each other in a 
Circle have their Segments Reciprocally 
Proportional. 

I ſay that ae.be:;de. ec. and conſe- 
quently the Rectangle 4 ec is equal to 
the Rectangle de b. 

For draw the prickt Lines ab and de 
and the two Triangles 2 be and dee 
will be Similar: Becauſe 1. The verti- 
cal or oppofite Angles at e are equal (1. 23.) 2. The 
angle þ is equal to c becauſe ſtanding both on the ſame 
Ark 4 d, and being in the ſame Segment (4. 12.) where - 
fore the two Triangles are Similar, and conſequently 
te. e h:: de. ec. (6. 46.) Q. E. D. 

65. If ac be the Diameter of a Circle, and h 4 Per- 
pendicular to it, d e or be will be a mean 
proportional between the Segments of 
the Diameter ae and ec. Becauſe de 
is equal toe h (by 4.6.) and therefore 
ſince by (by the la) Rectangle bed 
(that is he Square) is equal togec; as 
theRettangles of the Parts of all croſſing 
Chords are, the Line he or c 4 muſt be 
a mean Proportional between à e, and 
ec. QE. D. 

67. Two Lines ac and 4 4 drawn 
from a Point 2 without a Circle, to the 
internal and oppoſite Part of its Cir- 
cumference; are to each other Recipro- 
Aas their external Segments. I ſay ace d:: 4e. a 7 

al 
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and conſequently the Rectangle cab is equal to dae. 
For, ſuppoſing the Lines ce and h 4 to be drawn, the 
Triangles ace and ad b will be Similiar, becauſe theAngle 
a is common to both, and the Angle c is equal to 4 becauſe 
ſtanding on the ſame Ark be (4. 12.) wherefore da. 
ab;;ca.ceandAlternately da. c4:;:4ab.ae. and by In- 
verſion ca. d 4: : 4c. 4b (6. 45.) And therefore the 
Rectangle cab is equal to 42 e. Q. E. D. 
68. If one Line as ab touch a Circle, as in the Point 
b, and another Line à d drawn from the ſame Point à do 
cut it: Then is 4b (the Tangent) a 
mean Proportional between 4d and ae 
(i. e. between the whole Secant and the 
Part of it without the Circle.) | 
For, drawing the Lines be and h 4, 
the Triangles aeb and bad will be 
Similar: Becauſe the Angle à is com- 
mon to both, and the Angle 4 be 
(made by the Tangent, and Secant eb) 
is equal to d (an Angle in the oppoſite Segment) (4. 17.) 
therefore they are Similar; And conſequently e (in 
the little Triangle) will be to 4b: : as that ſame ab is 
to —— the greater Triangle: i. e. ea. ab :: 4b. ad. 
E. D. 
E55 Let there be a Diameter 4b cut in c by an Infi- 
nite Perpendicular e e whether with- 
a in the Circle as in Fig. 1. at the Cir- 
7 cumference as in Fig. 2. or without 
e- 7 „ the Circle as in Fig. 3. Let there 
be drawn alſo from the Point 4 any 
a Right Line as 3e cutting the Perpen- 
4 dicular in e and the Circle in d. I 


ſay it ſhall always be as ad. ac;; ah 

2 4 E. 
For drawing the Line bd, there 
will be made two Triangles that are 
2 Similar as e 2c and dab: which will 
be ſo, becauſe they have one Angle 


e 2 e às common to both; and the Angle 
| d equal 
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d equal to c becaule both are Right ones (for 4 is Right 


by 4. 14.) as being an Angle in a Semicircle and cis 
Right by the Suppoſition. Wherefore the Triangles 


are Similar and Conſequently 4d. 4c::4b. ac. Q. E. D. 


70. In the ſecond Figure 40 is always a mean Pro- 
portional between ze and ad; and in the firſt, the mid- 
dle Proportional is 4 E drawn from 4 to the place where 
the Line ec cuts the Circle. | 

71. If of a Triangle inſcrib'd in a Circle, the Angle 
bac be Biſſected by the Line 2 ed. 

I fay, then b 4. 4e;;41. ac. For drawing the Line 5 d, 
there will be made two Triangles 4b 4 
and 4ec ; which are Similar; becauſe 
the Angle 4 is equal to c (4. 12.) as 
(being in the ſame Segment) or inſiſting 
on the ſame Ark, and h 4d is equal to 
eacby the Suppoſition, Wherefore the 
Triangles are Similar, and Conſequently 
b. 4d: : 4e. a c. (and therefore alternately 
ba. ae: : a d. a c.) Q. E. D). 

72. When the Angle at the Vertex is thus Biſſected, 
the Segments of the Baſe he, are alſo Proportional to 
the Legs of the Triangle (i. e.) be. ec:;ha, ac. For 


11 65 e f drawn Parallel to ba, Then will b 4. 46c:: 


ef. fc (G. 46.) But ef is equal to af: becauſe the Angle 
4e fis equal to e ab, (as being Alternate Angles 1. 31.) 
and conſequently to e af (by the Suppoſition) wherefore 
the Triangle aef is an Iſaſceles (2. 15.) And therefore 
inſtead of putting it as before h 4. 4c:; 7. fc. we may 
ſay b 4. 46: : 4 f. fc. But as 4 f. f:: ſo is he. ec (6. 42. 
wherefore Pa. 4c: : be. ec. Or which is all one be. 
ec: : ba. ac. Q. E. D. 


(N. B. Tbis Propoſition js Univerſal; and if any Angle 


of- a Triangle be Biſſected, the Legs about that Angle are 
Proportional to the Segments of the oppoſite fide made by 
the Line Biſſecting the Angle.) 


73. It 


1 
# 
_ 
* 

* 
4 
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73. If two Circles touch one another (in 4 Point with- 
| in) as 4, and if to that Point you 
draw a Tangent and a Perpendicular 
400 (Which will paſs through both 
their Centres) (4- 5.) and if alſo you 
w any Secant from the ſame Point 
as 4e d. I ſay, "twill always be as 
4e.4d;;4c.ab. For having drawn 
the Lines ec and db the Triangles 
dee and 4dbwill be Similar, as having the Angle at 
a common; and e and 4 both Right. ones; (by 4. 14.) 
and conſequently 4e. 4d: : ac. ab. Q. E. D. 
74. The Ark ec is to the Ark db as the whole Circle 
4ec to the whole Circle 4d b. (6. 49, and 4. 11.) 


(65) 
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BOOK VIL © 


Of Incommenſurables. 


Leſſer Quantity is ſaid to Meaſure a grea- 
. ter, when being taken a certain number of 
times, it is exactly equal to the greater. 
v. gr: Suppoſe a Fathom to contain fix 
Feet; then may one Foot be · ſaid to Mea- 
ſure that Fathom, becauſe being taken or repeated fix 
times, it will be exactly equal to the Fathom, 

2. The Quantity which is thus a Meaſure to a greater 
Quantity, is call'd a Part of that greater; and the grea- 
ter Quantity is call'd the Multiple of the leſſer. So, 4 
Foot is the Part of a Fathom, and a Fathom is the Mul- 
tiple of a Foot. 

3. If you take the Quantity (of 4 common French 
Pace) which is two Foot and a half, and try with that 
to Meaſure a Fathom, you cannot do it ; Becauſe if you 
add that Pace only twice, it will make but five Foot, 
which are leſs than the Fathom; and if you take it 
three times, it makes ſeven Foot and an half, which 
are more than the Fathom ; ſo that this Quantity of two 
Foot and an half cannot Meaſure the Fathom , and 
therefore properly ſpeaking is not a Part of it. But 
nevertheleſs they may be ſaid to be Parts of the Fa- 
thom, becauſe this Quantity contains five half Feet; 
for an half Foot is a Part of a Fathom, becauſe being 
taken 12 times it will juſt Meaſure it; ſo therefore 
this Pace contains Parts of the Fathom, becauſe it con- 
tains five half Feet which are ; that is, five twelfths of 
a Fathont, 1" 4 When 


— — — 


— 
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4. When two Quantities are ſuch, that a third can be 
found which ſhall be an (Aliquot or Even) Part of both, 
that is, which ihall Meaſure them both exactly: Then 
thoſe Quantities are (aid to be Commenſurable; As for in- 
ſtance, a Pace and a Fathom are two Commenſurable 
Quantities, becauſe we can find a third Quantity, viz. 
half a Foot, which will Meaſure them both; For if 
the half Foot be taken five times it makes the Pace, and 
taken 12 times, it makes the Fathom. 

5. But when it is not poſhble to find any third Quan- 
tity which can Meaſure two others, then thoſe two Quan- 
tities are call'd Incommenſurables. 

6. Commenſurable Quantities are as Number to Num- 
Ber; that is, thoſe Quantities can be expreſſed by Num- 
bers; ſo that as one Quantity is to the other, ſo ſhall 
one Number be to the other. Thus a Line of ſix Feet 
or a Fathom, and a Line of two Foot and an half, as a 
Pace, are to one another as Number to Number, For 
half a Foot Meaſuring them both, the latter by being 
taken times, and the former by being taken 12 times; 
its plain that one Line contains 5 half Feet, and the o- 
ther 12, and therefore they are as 5 to la, or as 
Number to Number. TEL 

7. If two Quantities are not as Number to Number, 

that is, if it be impoſſible to expreſs their Magnitudes 
by two Numbers, they are Incommenſurable ; As 1s 
Plain from the laſt. 
8. We ougght then to ſee whether there are in Reality 
any ſuch Quantities whoſe Magnitudes cannot be ex- 
preſsd by Numbers, and if there be any ſuch, we muſt 
ſay that there are Incommenſurable Quantities. 

9. A Plane Number is that which may be produced by 
the Multiplication of two Numbers (one into another). 
v. gr. 6 is a plane Number, becauſe it may be produced 
by the Multiplication of 3 by 2: For twice 3 makes 6: 
So alſo 15 is a plane Number ariſing from 5 being multi- 
plied by 3; and 9 is a plane Number produced by the 
Multiplication of 3 by 3. | | | 
mar” i, : 10. Thoſe 


portional; ſuch are 12 and 48: 
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10. Thoſe Numbers which being multiplied one by 
another, do produce a plane Number, are call'd the 
Sides of that Plane, as 2 and 3 are the Sides of the Plane 

6; and 3 and 5; are the ſides of 15. 

11, If we imagine Unites to be little Squares, thoſe 
Squares may be form'd into a Rectangle, if their Num- 
ber be a Plane. v. gr. 12 Squares may be placed in the 
form of a Rectangle, one of whoſe ſides may be 6 and 
the other 2. and 48 will make a Rectangle whoſe two 
ſides may be 12 and 4. See the following Figures B and C. 

12. A Square Number is a Plane, whoſe ſides are e- 
qual; as 4, ariſing from the Multiplication of 2 by 23 
as 9, the Product of 3 by 3; and 16 made by 4 multi- 
plied by 4, Cc. . | 

13. A Square Number may be rang'd into the form 
of a Square and that Number which can be ranged into 
the form of a Square is a Square Number, and that which 
cannot be rang'd into the form of a Square, is not a 
ſquare Number. 

14. Similar plane Numbers are thoſe which may be 
ranged into the form of ſimilar 
Rettangles; that is into Rect- 
angles, whoſe Sides are Pro- 


for the ſides of i 2 are 6 and 2 : : 
(ſee Fig. B) and the ſides of 1 
48 are 12 and 4 (ſee Fig. C). ALLLI. 
But 6. 2:: 12. 4. and there- | 

fore thoſe Numbers are Similar. 


15. All ſquare Numbers are ſimilar Planes (5. 32.) 
16, Every Num- 


ber may be placed 22 ih 
in the form of a , . 
Right-line; and in C 1 | 
thatdiſpolitionmay 4 |; 2 | 
be taken foraPlane. . 


Thus 3 (in Fig. A) 
may be conceived as a Plane Similar to 12 or B; For the 
| | F 2 ſides 
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tides of the Plane 3, are x and 3, (becauſe once z is 3) 
and the ſides of 12 are 2 and 6. But as1.3:; 2. 6. 

17. There are Numbers which are not Similar Planes; 
As if you examin from i to 10, you will find indeed that 
1. 4. 9. being Squares are Similar, and ſo are 2 and 8, 
which have one tide double to the other. But the reſt 
as 3. 5. 6. 7. are by no means ſimilar Planes, 

18, If one ſquare Number be multiplied by another, 
the Produtt will be a third ſquare Number. 

Thus A. 4. and B. 9, being both Squares do, when 
multiplied into one another, produce the Number 36 
or C: And I ſay that third Number 
is a Square. For the meaning of 


— 4 
JT: HAA multiplying B by 4, is to take B as 
— C 


often as there are Unites in 4. But 
I may conſider the whole Number 
B. 9. as one only Square, and I can 
take that as often as there are Unites, 
or little Squares in 4. And as the Unites in A, are 
rang ' d into a Square, ſo I can range the Square B as of- 
ten into a ſquare Form, juſt as if it were an Unite. So 
that there will be four ſuch Squares of B, which being 
placed as you ſee in the Figure, will make the Square C 

or 36. | 
19. If two Numbers are ſimilar Planes, the greater 
may bedivided into as many Squares, as there are Unites 
in the leſſer. A. 3. and B. 12. 
are ſimilar Planes ; ſo that the 
fide 2. is to 6:: as the fide 1, 
is to 2. I can divide the Plane 
B. 12. into three Squares pla- 
ced juſt in ſuch manner as theſe 
little three Squares in the 
Plane 4. And every one of 
the great Squares of B ſhall anſwer to 4 of thoſe in 4. 
So alſo if the Planes had been 8 and 72; I can divide 72 
into eight Squares, of which every one ſhall contain 
9 of thoſe in the leſſer Plane 8. The ſame would come 
to pals allo, if either one, or both the Numbers Aa 
| oy n 
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been Fractions. As if A contain 3 and * and B. 14. 1 
can divide 14 into three Squares and an half, diſpoſed 
juſt like thoſe in A. as may 

ſeen by the Partitions in D 
the Figure and by the half 


Square added in Prickt H T1141 
In like manner if the. 
Planes were B 12 and D 27. 4 


I can divide 27, not only 
into three Squares, diſpos'd after the ſame manner as 
thoſe in 4: But alſo into 12 Squares, ſo ranged as thoſe 
in B, as the prickt Lines in the Figure D doſhew. The 
way to do which, is to divide the fides of the greater 
Plane into as many Parts as the Homologous ſides of the 
lefler Plane are divided into; the Figure ſhews the 
thing, and makes it eaſie. 

20. Ihoſe plane Numbers which can be ſo divided 
as that there are as many Squares in the greater Plane, 
s there are Unites in the Leſſer, are Similar; this is the 
Converſe of the former. 

21. Two ſimilar Plane Numbers multiplied one into 
another do produce a Square. lor having divided the 
greater Plane into as many Squares as there are Unites 
in the leſſer (7. 19.) One Plane will be multiplied by 
the other, if the greater Squares of the greater Plane 
be taken as often as there are Unites or little Squares, 
in the leſſer Plane: But to multiply any Number of 
Squares, by the fame Number, is to make one Square 
out of all thoſe Squares. 

For Inftance, A 3. and B 27. being ſimilar Planes, I 
conſider B. 27 as a Plane compos'd of 
three great Squares, as A 3.isa Plane 
compos'd, of three Unites, or three 
little Squares. S0 that if I take all Lk] 
theſe three great Squares, as often f---PE4.c.;. 
as there are Unites in A, that i three 
times; I produce then three times 
farce ſuch great Squares as arc ia 5. 

| | F 3 
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that is, 9 ſuch Squares; of which every one contains 
; g of thoſe in A, and, all theſe 9 
e 272 Lr 


| Squares of B contain 81 of thoſe of 
13113030 A; ſo that A. 3. multiplying B. 27, 
277 24 227 9 produces 81. which is a Number of 
W e AT the leſſer Squares rang'd into a Square 
I eee Figure ; and by Conſequence a ſquare 

— Number (7. 12.) In like manner if 
the Planes were B. 12. and D. 27. I divide 27 into 12 
Squares, which I multiply by 12, and there are Pro- 
duced 144 greater Squares rang'd into the form of a 
Square, Which do contain in all 324 of thoſe of the leſſer 
Plane. (N. B. to divide 27 into 12 Squares, each Square 
mul be 2. 25. (or two and à quarter) as you ſee it is inthe 
Figure D. N. 19.) 

22. If two Plane Numbers are Similar, after what 
form ſo ever you range one, the other alſo may be ſo 
diſpos d. Let 3 and 12 he ſimilar Planes. If 12 be ſo 
rang d in a Right-line that it will make a Rectangle, 
one of whoſe ſides ſhall be 12 and the other 1. I ſay 
that 3 may be ſo diſpoſed as to make a ſimilar Rectangle, 
one of whoſe ſides will be 6 and the other the half of 
one, Oc. 

23. If one Number divide another that is a Square 
one, a third ſhall be produced which will be a Plane, 
Similar to the Diviſor. 

Let there be a Square 4616, and let it be divided by 
any Number, as ſuppoſe by 8. which is done if you 

take the eighth Part of the tide 2 d, viz. 

a b ae, and thro' e draw the Parallel ef. 
F bor by that means yon will have the 
Plane af, which will be the eighth Part 
I of che Square 4 c. But to divide a 
1 K Number or a Plane by 8, is to take the 
d eighth Part of that Number or Plane. 
I fay the Plane 25, is ſimilar to 8; for $ being rang d 
into a Right-line, fo as to make a Rectangle, one of 
whoſe ſides ſhall be 8. and the other 1. ſhall be Similar 


to it, becauſe ae was taken the eighth Part of 4 7 ab. 
lexe- 


Book VII. of GEOMETRY. 71 


Wherefore as 8. 1:: (which are the ſides of the Plane 
'8 the Diviſor) ſo ſhall 4 b. ae (which are the tides of 
the Plane of the Quotient ariſing when the Square 2c 
was divided by 8.) Therefore if one Number divide ano- 
ther that is a Square, Cc. Q. E. D. 

24. If two Planes multiplying one another do produce 
a Square, thoſe Planes are dimilar. | 

25, Two Plane Numbers which are not Similar, if 
they are multiplied into one another, cannot produce a 
Square. Theſe two Propolitions are Conſectaries from 
the foregoing ones, 

26. It two Numbers are ſimilar Planes, their Equi- 
multiples and any of their (Reſpetively) equal Parts, 
ar? allo ſimilar Planes. Let the Planes be a bc d. 3. and 
AB CD. 12. ſo that 4b, AB:: be. BC. I ſay it you 
take the double of the one and the double of the other 
(or any other Equi- multiple, be it what you pleaſe) thoſe 
Doubles ſhall be Similar. 

For having taken 4 e double to ad and A E double to 


D in order to make 


the Plane be double to 

bd and BE double to 4 1 n 1 =] 1 
BD. Tis clear that © ET | & mw 
2d. AD 33. 4e. M E. 9 1— * b Ce 
But 2 d. 40 :: 4b. AB. ; 

wherefore alſo à e. K 4 


AE :: ab. A B. and 
conſequently the Planes beand B E are Simitar. 

"Twould be the ſame thing had vou taken their 
halves boand B̃ o, or any other equal Parts of each. 

27. It two Numbers are not ſimilar Planes, their 
Equi-multiples, and all their (reſpectivehy) qual Parts 
will alſo be not Similar, which follows from che laſt. 

28. Between any two timilar plane Numbers whatſo- 
ever, there is to be found a mean Proportional. Let 
the two Numbers be 2 and 8. I fay 'tis.pothble to find 
a Number which ſhall be a mean roportional betwee 
them. For if we imagine the Plane 8 to be ranged in 
a Right-line AB, and the Plane 2 allo to be ranged n 

| F 4 ED ant- 


2 1 = Tr >. . — — A 
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another Right-line as A H. and that out of thoſe twe 
Right-Lines there be formed the 


+- ITT 5 Plane AC. 16. That Plane AC. 
FT TT 16, will be produced by the Mul- 
* tiplication of the two Numbers 

D 2 and 8 (6. 17. and the following 


Propoſitions) and conſequently the Number of the lit- 
tle Squares of the whole Plane AC. 16. ſhall be a ſquate 
Number (7. 21.) and they mar be 
a 4, rang'd into the form of a Square (7. 
erT-TT-1f 3.) Let them then bediſpoſed intothe 
** Square 4c. So ſhall the Square 4: be 
T7] equal to the Plane AC. for tis only the 
2 ſame Number di ſpos'd or rang'd after 
d. —C another manner, Wherefore (6. 59.) 
the ſide 46 4 ſhall be a mean Proportional between A D 
2. and A B. 8. 20 
29. Between two Numbers Non- ſimilar a mean Pro- 
portional can't be found. Let the Numbers be 4. and 6. 


* 


Range each of them into a Right-line, and multiply 


them, they will produce the Plane 24. But this Plane 
24 is not a ſquare Number (7. 25.) and conſequently 
cannot be rang'd into a ſquare Form. Wherefore tis 
impoſſible to have any Mean between 4. and 6: For ſach 
a pretended mean Proportional muſt, multiplied by it 
ſelf, produce a Square, which) as hath been proy'd elſe- 
where) will be equal to the Plane made between 4. and 6. 
(6. 59.) which is impoſſible, becauſe this Plane 24, made 

out of 4 and 6. is not a ſquare Number. | 
30. Let there be two Lines 4e and ec, ſo to one ano- 
ther, as one Number to another Non- 
ſimilar. v. gr. as 1. to 2. Let allo eb 
be a mean Proportional, ſo that a e. el 
21 b. ec, I ay that eb is Incommen- 
ſwable with the two Extremes 4e and 
ec. For ae and ec heing as 1. to 2. (i. 
e.) as Numbers Non-ſimilar (by the 
Suppoſition) as alſo are all their Equi- 
multiples (7. 27.) tis impoſſible to find a mean Propor- 
| p< LD x tional! 
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tional between 4e and ec (by the Precedent and con- 
ſequently, eb cannot be to 4 e, or to ec, as Number 
to Number, Wherefore it is Incommenſurable with 
them, | 

31. The Diameter of a Square 46 is Incommenſura- 
ble to the fide 4c. For taking 4 d "5 yy 
double to 4c and making the Triangle 

426 d; it ſhall be Similar to the Tri- 


6 
angle bc; becauſe cd being equal to Fo N 
eb the Angle d is equal to ch d (2. 15.) al Ld 
KS * 
* 


and the Angle d mult be a Semi- right 
one as well cab; wherefore 426 d isa 
Right-angle; and Conſequently 2c. + 
4b;;ab.ad. That is, 4b.isa mean 
Proportional between 46 1. and 44 2. and therefore In- 
commenſurable (by the Precedent.) | 

32. The Power of a Line is the Square, which is 
made upon it. Thus the Power of the Line ac (Fig. 
preced.) is the Square aebc; and the Power of the 
Line 4b is the Squareabdf. And we ſay that Line 45 
is double in Power (in Latin bz pore) to the Line ac. 
which isa manner of Speaking. borrowed from the 
Greeks, and generally received amongſt Geometers. 

33. The Diameter 46 is Commenſurable in Power to 
the tide ac: That is, its, Square 4b df is Commenſura- 
ble to the Square ae bc; for cis indeed double to it. 

34. But if you take 20 a mean Proportional between 
40 and ac, that mean 40 ſhall be Incommenſurable to 
them even in Power; i. e. the Square of 40 is Incom- 
menſurable to the Square of 44 or to the 
Square of 4c. for the Square of ac to the 4 
Square of 40 is ina Duplicate Ratio of ac 
to 40 (6. 29.) that is, as ac to 46 (6. 30.) But ac is 
Incommenſurable to 4 b (7. 31. ) wherefore the 
Square of 2 c is Incommenſurable ro the Square of 
2 0. 

35. There is a Second Power of a Line which is cali'd 
the Cube, which is made by multiplying the Square, by 
that firſt Line, or Root. | 
| | 36, If 


74 PAR DIES ELEMENTS Book VII. 
36. If two mean Proportionals 4 » and am be taken 
between ac and ab; ſo that ac. an:: a n. 
427 46, the Line an will be Incommenſurable 
4 m in this ſecond Power to 40 (i. e.) The 
a Cube of àc will be Incommenſurable to the 
Cube of 4», becauſe the Cube of ac to the Cube of an 
is in a Triplicate Ratio of the tide ac to the fide an; i. e. 
as ac to 4b, But ac and 4 0 are Incommenſurable, 
wherefore, Oc. However ac and a n are Commenſura- 
ble in the ſecond Power, for the Cube of a m is double 
to the Cube of 4c. | 

37. Tis eahe to apply to Solid Numbers what hath 
here been ſaid of Plane ones. And thoſe are call d 
Solid Numbers which ariſe from the Multiplication of a 
Plane Number by any other whatſoever. v. gr. 18 is a ſo- 
lid Number made of 6 (which is a Plane) multiplied 
by 33 or of g multiplied by 2. 

38. Similar Solid Numbers are thoſe, whoſe little 
Cubes may be ſo rang'd as to make ſimilar and rectan- 
gular Parallelopipeds. 

39. Cubick Numbers are ſuch as can be rang'd into 
the form of Cubes as 8, or 27, whole ſides are 2 and 3 
and their Baſes 4 and . '© BY 

_ Every Cubick Number mnltiplying another Cu- 
bick Number produces a third Cubick Number. 

41. Between two ſimilar ſolid Numbers there may 
be found two mean Proportionals. 

That which kath been demonſtrated in reſpect to Plane 
Numbers may be applied to Solids. 

42. Theſe Demonſtrations by which 'tis prov'd that 
there are Incommenſurable Lines and Magnitudes, ſhew 
alſo that a Continuum is not Compes'd of Finite Points : 
For if the Diameter as well as the fide of a Square 
were compos 'd of Finite Points, a Point would meaſure 
both the ſide and the Diameter, for that Point would be 
found a certain Number of times in the fide and ano- 
ther determinate Number of Times in the Diameter, 
which the preceding Propoſitions prove impoſſible. F 
43. Be 
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43. Becauſe in a Rectangle Triangle the Square of 
the Hy pothenuſe is equal to the Sum of the Squares of 
the Legs; (6. 61.) we have always uſed this Triangle 
for the diſcovery. of Incommenſurables. For if all the 
three ſides are Commenſurable they may be all three 
exprels'd by three Numbers, and then the Square of the 
greateſt Number will be equal to the Sum of the Squares 
of the other two. As if the greateſt tide or Hypothe- 
nuſe be 5 Feet, the leaft ſide three, and the middle one 
4: The Square of 5 will be 25, the Square of 3, 9; and 
the Square of 4 will be 16: And ꝗ and 16 added toge- 
ther do make the great Square 25, But if the leaſt ſide 
of ſucha Triangle be 2. and the middle one 3. then the 
greateſt ſide cannot be expreſod in Numbers, becauſe 
the Square of the leaſt ſide 4 added to the Square of the 
middle fide 9 make 13, which expreſs the Square of the 
greateſt ſide. But as that Number 13 is nota ſquare 
Number, ſo its fide or Root cannot be expreſs'd by any 
Number. 

44. At all times Men have been Sollicitous to find 
out ſome Method of diſcovering proper Numbers to 
expreſs the three tides of a Rectangle Triangle, ſo as 
to be aſſured that all the three ſidæs are Commenſurable. 
Therefore J here ſhew you ſuch a Method, by which you 
way find out all the poſſible Nurihers that are proper 
for this 1 

45. If you take any two Numbers (even Unity it 
ſelf ) differing but by an Unite, and add the Squares of 
them together, the Sum will be a Number which ſhall 
be the Root of a Square equal to two Squares: And 
that Number will expreſs the greateſt hde of a Rett- 
angle Triangle, whoſe middle fide ſhall be that Num- 
ber leffen'd by Unity, and the leaft tide ſhall be the Sum 
of the two firft Numbers. v. gr. Having taken 1 and 2, 
and Squared each of them you have 1 and 4; Add 
thoſe two Squares together, and the Sum is 5. Ifay5 
will expreſs the greateſt fide; and then 4 will be the 
middle one and 3 the leaſt ; and 25 the ſquare of the Hy- 
pothenuſe will be equal to the Sum of the other two 

| Squares. 
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Squares. In like manner if you take 2 and 3, and add 
their Squares 4 and ꝙ together, the Sum is 13. Then 
I fay will 13, 12 and s be the three ſides ot a Rectangle 
Triangle; ſo that 169 the Square of 13 ſhall be equal 
to 144 and 25, the Squares of 12 and 5. Moreover if 
you take 3 and 4, the Sum of their Squares 9 and 16, 
makes 25 ; wherefore I ſay 25 may be the greateft ſide 
of aRettangle Triangle, whereof 24 will be the mid- 
dle fide and 7 the leaſt fide. 
All which may more eafily be found after this manner, 

46. If you range Unites into a ſquare Form as in the 

Figure; all thoſe Numbers which make a ſquare Figure 


41 
o o © 2 
2 25 - 
0 O O 
* T3 - * 
2 © © 


are proper Numbers to expreſs the greateſt ſide; the 
leaſt ſide ſhall be the Number contain'd in the two firſt 
Ranks of that ſquare Figure, and the middle fide ſhall 
be a Number lets than the greateſt, by one, or Unity. 
47. If this Figure were continued it would give you 
all poſſible Numbers; But it muſt be obſerv'd alſo that the 
Equi-multipies of any 3 Numbers thus found will do the 
{ame thing: Thus, having found 5, 4 and their doubles 
12. 
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10. 8. and 6. will repreſent the three ſides of a Rectangle 
Triangle, ſo that 100 the Square of 10 ſhall be equal to 
the Sum of 64 and 36 the two Squares of 8 and . And 
their Triplesallo 15. 12. and 9. will do the ſame thing: 
For any one may ſee that all theſe Numbers ftill having 
the ſame Proportion, do as it were conftitute but one 
only Triangle, viz. that which is expreſs d by 5. 4. and 


3. And therefore all thoſe Numbers may be taken for 
the ſame. 


BOOK 


(78). 
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BOOK VIII. 
Of Progreſſions and Logarithms. 


Rogreſſion is a Series or Rank of Quantities 
which keep between one another any kind 
of ſimilar Relation or Proportion; and e- 
very one of theſe Quantities is called a 

2. When the Terms which ſo follow one another do 
equally Increaſe or Decreaſe, the Progreſſion is called 
Arithme tical; as are all Numbers proceeding according 
to the natural Order of the Figure, as 1, 2, 3,4, 5, 6, 
Oc. As alſo all odd Numbers, as 1. 3. 5. 7. 9. 11, Cc. 
or as 4. 8. 12. 16, or as 20. 15.50. and the like. 

3. Arithmetical Progreſſion may be encreaſed Infi- 
nitely, but not diminiſhed. 

4. If in an Arithmetical Progreſſion there be four 
Terms, the Difference between the two firſt of which is 
equal to the difference between the other two thoſe four 
Terms are ſaid to be Arithmeticalh Proportional t As in the 
Progreſſion of the natural Numbers 1, 2, 3, 4, 5, 6, 7, 8, 
9, Oc. If you take four as 2. 3::: 9. 10 (This mark: :: 1 
ſhall for the future ue 10 figniſie Arithmerical Pro- 
portion) there will be the ſame Arithmetical Proporti- 
on between 2 and 3, as there is between gand 10; that 
V, Io exceeds ꝙ, as much as 3 doth 2: ſo alſo 3.5: :: 8. 10. 
are in Arithmetical Proportion; and ſo are 1. 5: :: 5. 9. 
where 5 being taken twice, is an Arithmetical mean Pro- 
portional between 1 and 9. 


1. 


5. In 
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5. In Arithmetical Proportion the Aggregate or Sum 
of the two extreams is equal to the Aggregate of the 
two Means, as in 2. 3::: 9. 10. the Sum ot 2 and 10 
is equal to the Sum of 3 and 9, that is 12; ſo alſo in 3. 
5 ::8. 10. The Aggregate of 3 and 10 is 13 which is 
equal to the Aggregate of 5; and 8. And the reaſon of 
this is ſelf-evident; For tho io exceed 8, yet that which is 
added to 8 (viz. 5.) doth juſt as much exceed 3 which 
is added to 10, and ſo there neceſſarily ariſes an R- 
quality between them. 

6. The Sum of the firſt and laſt Terms in any Arith- 

metical Proportion is equal to the Sum of the ſecond, 
and the laſt ſave one; or to the Sum of the third from the 
fir Term, added to the third accounted backward from the 
{aft, &c. as in the firſt Example, 1 and 9 make 10; and 
ſo do 2 and 3, 3 and 7,or 6 and 4 always make 10. And 
in the middle remains 5, which being taken twice (as if 
it were equivalent to two Terms becauſe tis equally di- 
ſtant from the firſt and laſt Term) makes allo 10. 
. If you add the firſt Term to the laſt, and multiply 
that Sum by half the Number of the Terms, the Pro- 
duct ſhall be equal to the Aggregate or Sum of all the 
Terms. As in the former Example, 1 added to g makes 
10 and 10 multiplied by 4*. (or 4.5.) for there are 9 
Terms, produces 45 which is the Sum of all the Terms 
from i to 9. As is manifeſt from the Precedent. 

8, When the Terms of the Progreſſion are continu- 
al Proportionals ; that is, when che firſt is to the 
ſecond :: as that is to the third Term: : as the third is 
to the fourth, and as the fourth is to the fifth, Oc. then 
the Progreſſion is call'd Geometrical as 1. 2. 4. 8. 16. 32 
2. Or as 1. 3. 9. 27. $1 or again, as 3. 12. 48. 19a. 
768. or N as 8. 4. 2. 1 2 or laſtly as 2. 4. 15 
1 „e. | | 
; 9. Geometrical Progreſſion may be encreas'd and di- 
miniſh'd Infinitely. 

10. When the Progreſſion begins with 1, the ſe- 
cond Term is call'd the Root, Side or firſt Power; the 
third, is 'call'd the Square or ſecond Poner; the fourth, 
| | the 
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the Cube orthird Power; the fifth, the Biquadrate or 
fourth Power; the ſixth, the Sur. ſolid or fifth Power; 
the ſeventb the —— or ſixth Power, &c. 
11. If (in ſuch 4 Progreſſion) you take 4 Terms, the 
former two of which are as much diſtant from each other, 
as the two latter are: Thoſe are ſimply Proportional, 
and the Rectangle of their extreams is equal to that of 
their two middle Terms. | PA: 
12. Let the Quantity AB be ſo divided in C, D, E and 


* F, &c. that A B. AC:: AC. 4 D:: A D. A E, 

A &c. Then I ſay BC. C D. D E. E F, &c. are in 
of - continual Geometrical Proportion; and alſo 
Fi that AB, AC:: BC. C :: C D. D E, &c. for 


bn becauſe AB. AC:: AC. AD. it will follow by 

T Diviſion of Proportion, that 4 Bleſs AC (that 
+ is c) AC::as AC leſs AD (that is DC) 
«| A D. and conſequently Alternately CB. CD:: 
Df | AC.AD::;oras AB. Ac. and ſo of all others it 

may be proved: : DC.ED:;EF::GF, &c, 

1 13. Let there be a Progreſſion of Quanti- 
C+ ties in a Right-line B C, C D, D E, EF, &c. 
let Cd be equal to the ſecond Term C D, that 
ſo we may have Bad the difference between 
dic the fri and ſecond Terms: And let it be made 
as B d. BC: : BC. to a fourth Line, viz. B A. 

| I ſay that, if the Number of the Terms BC. 
BL CD. D E, &c. be Finite, tho* never ſo great, 
> all thoſe Terms taken together , although 
there bean hundred thouſand Millions of them, ſhall 
be leſs than B A. But if we ſuppoſe the Progreſſion 
infinite, or that the Terms are Infinicely many, then ſhall 
all of them taken together be exattly equal to B A. 
For ſince by the ſuppoſition Bd. (that is BC leſs Cd or 
CD) is to BC:: BC, (that is ABleſs AC) AB. it may 
eaſily be found that as B C. CD:: AB. AC:: AC. AD, 
Kc. and conſequently all the Terms C D, D E, 22 
will always be found within, or be hither the Point 4. To 
which it Approaches the nearer, the more the Number 
of the Terms is increas d. So that we ſee plainly, w_ 


*. 
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all theſe Terms (which in Books are uſually call d Pam? 
Proportional) tho” they be actually Infinite, cannot make 
an Infinite length, becauſe they will all be included with- 
in the Line 58 4. "og 

14. This Demonſtration will appear much more eaſie 
and ſenſible by the Example of a particular Progreſſion, 
where the Terms are in a double Ratio; u. gr. Let C B be 
double to DC and D C double to D E, &c. For if the 
Number of the Terms be here Finite, tho? it be a 
hundred thouſand Millions, and you take the laſt of | 
jeaſt Term, for Example FE, and add to it another 
Quantity, as ſuppoſe. A F, equal to it: It is then plain 
that E 4 muſt be equal to the Term E D. which is the 
laſt ſave one; For ED is double to EF by the Suppolt- 
tion (the Ratio being every where double; and E 4 is 
alſo double to E F by the ConftruRtion, it haying, been 
made ſo, by taking FA equal to FE. In like manner 
AE with DE, that is AD, fhall be equal to the follow - 
ing Term C P, and at laſt AC will be equal to BC. So 
that from hence it appears, that the firſt or greateſt 
Term is always equal to all the others taken together, 
provided there be added to theni but a Quantity equal 
to the Jaſt and leaft Term; but if nothing be added, 
the firſt Term is always greater than the Sum of them 
1 8 
If theſe Terms are ſuppos'd to be actually Infinite, 
then the greateſt BC will be exactly equal to all thoſe 
Infinite others taken together CD, D E, E F, &c. For 
any one may eaſily diſcern, that the more there are of 
ſuch Terms, the more you approach towards A. by cut- 
ting off ſtill the half of the Remainder: But when any 
Quantity is thus leſſen d by half, and the Remainder 
again by half, and then the half of that third Remain- 
der taken and ſo on: Tis plain that by ſuppoſing the 
Diminution to be made an Infinite number of times, 
nothing at laſt will Remain. 17 5 | 
This alſo might be demoonftrated by a Reduction ad Im- 
poſſible, by ſhewing that all thoſe infinite Terms ace, 


taken together, neither greater nor leſs than B 4. 
K . (3 1 5. Hence 
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15. Hence may the Difficulties raiſed by the School- 
men againſt the (Infinite) Diviſibility of -a Continuum 
be ſolved, tho to Perſons Ignorant of Geometry they ap- 
pear Unſolvable: But indeed at the Bottom, they are 
nothing but meer Paralogims. 
16. If two Progrellions ate ſed, one Geometri- 
cal beginning with 1. and the 'other Alithmetical be- 
ginning with o, ſo that che Terms in one hall be placet 
over and anſwer Reſpettively to thoſe in the other. 
The Arithmetical ones are call'd Logarirhms Exponents 
(or Indexes) as in the following Ranks 
5 0. I. 2. 3. 4. 5. 6. 7. 8. 
| II. 2. . J. 46. 32. 64. 128. 266. 
17. That which is produced in a Geometrical Pro- 
-greffion by Multiplication and Diviſion; is effected in 
the Logarithms by Addition and Subſtraction: As, if 
having three Numbers given 2. 8:: 64; You would find 
a fourth Proportional to them in Geometrical Progre(- 
fon; You muſt multiply 63. by 8. (which are the two 
middle Terms) For the Product, 512, Mall be equal to 
the Product made by 2. and the fourth Number ſought, 
they being the two Extreams of four Proportionals. 
And to find this fourth Number, you need only divide 
312 by 2, and the Quotient will be 256. So that 2. 
8::64. 256. and 64 and 256 will be juſt as far diſtant 
from one another in the Order of the Progreſſion, as 2. 
—_—< IM jr | 
But if inſtead of the Geometrical Numbers 2. 8: :64. 

you had uſed their Logarithms 1 3 ::;6 which Anſwer 
to them in the Progreſſion, and were minded to find 

fourth Logarithm, then you muſt have added 3 and 6 
which make 9, and from thence have Subſtralted 1. 
there would remain 8. The Logarithm "anſwering to 
the Geometrick Number 256. 
18. So alſo, if there be two Geometrick Numbers 
4 and 8, to which the Logarithms 2 and 3 do anſwer; 
by. multiplying 4 by 8 you produce 32; the Number 
under the Logarithm's, which is the Sum of the Loga- 
rithms of 2 and-3. TT 42 


- - 


19. In 
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19. In like manner by multiplying 15 by it ſelf, there 
will be produced 256 which ſtands under the Logarithm 
of 8, the Sum of 4 added to it ſeff. 

20. So if the Geometrical Number were required 
that ſhall anſwer to or ſtand under the Logarithm 16; 
you muſt take 256 which ſtands under 8, and multiply 
it * ſelf, and it will produce 65536 the Number 

uir'd. | | | 
"It If moreover the Geometrical Number anſwering 
to the Logarithm 23 were required, you may take any 
two Logarithms whoſe Sum is 23, as ſuppoſe 7 and 16, 
and multiplying the Geometrical Number under them, 
viz. 123 and 65536 one by another, the Product will be 
8388608, The Number which ought to ſtand under 
the Logerithm 23, or in the 23 place of a Series of 
Geometrical Proportionals beginning from 1. 

22. From hence appears the way of Anſwering 
that ordinaty Queſtion, how much a Horfe would coft, 
if bought on this Condition ; That for the firſt Nail in 
his Shoe a Farthing were to be paid, for the ſecond Nail 
two Farthings, for the third Nail four Farthings, for the 
fourth Nail eight Farthings, and ſo on, ftill doubling 
for 2 4 times: For the 24th place in ſuch a Progreſhon, 
would be the laſt Number 83886508 Farthings, which be- 
ing reduced is 8738 J. 25. 84. and being doubled ac- 
cording to (8. 14.) gives the whole price of the Horſe 
17476 J. 55. 44d. | 

23. Where two compleat Progreſſions are fitted ſo 
as to Anſwer one to another, the Geometrical to the 
Arithmetical; as ſuppoſe in Tables for that purpole 
calculated in Books, there abundance of Pains and La- 
bour is ſpared, in finding the Geometrical Numbers: 
For Inftance let thoſe three Numbers 32. 64. 128. be 
given, and that a fourth Proportional werenrequired: 
Inftead of multiplying 64 by 128, and dividing the 
Produ by 32 (which way is very tedious in great Num- 
bers): you need only take the Logarithms of the three 
given Numbers, viz. 5,6, 7. and * 6 and 7 toge- 


ther the Sum in 13, from whence ſub 5. there 
71 G 2 reſts. 
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reſts 8 which is the Logarithm of the fourth Geometri- 
cal Proportional ſdught, ſeek therefore in the Table for 
the Logarithm 8, and the correſponding Geometrical 
Number you will find to be 256. 8 | 
24. But becauſe in ſuch a Geometrical Progreſhon all 
Numbers will not be found, this Medium hath been di- 
covered; they have calculated two Progreſſions, one 
of which, contains all Numbers 1. 2. 3. 4. 5. 6. 7. 8, Cc. 
which ſeems to he an Arithmetical Progreſſion, but yet 
hath in reality the Properties of a Geometrical one. And 
the other which contains Numbers in appearance the 
moſt Irregular, is neverthe leſs a true Arithmetical 
Progreſſion. See here a Line, which will diſcover 
Perfectly all theſe Myſteries. _ 
25. Let the Right-line A E be divided into the equal 
Parts AB, BC, CP, DE, &c. from the Points A, B, C, D, 
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E, &c. let the Lines Az, Bb, Cc, Dad and E e, be draw" 
all (Perpendicular to A E and conſequently) Parallel te 
— ; ; : one 
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one another: And let them be all in a Geometrical Pro- 
greſſion: As, let Aa be 1, Bb1o, C ico, Dd 1000, 
Ee1ocoo, &c. Then ſhall we have two roꝑreſſions of 
Lines, the one Arithmetical and the other Geometri- 
cal ; For the Lines AB, AC, AD, AE, are in Arithme- 
tical Progreihon, or as 1. 2. 3. 4. 5, &c. and ſo do re- 
preſent the Logarithms; to which the Geometrical 
Lines Aa, B b, Ce, &c. do correſpond. 

26. Let cach of the equal Parts ED, DC, CB, &c. 
be divided equally again in F. G. A, and let the Paral- 
lels Ff. G g, &c. be drawn, and be mean Proportionals 
between the Collateral ones; that is, Ee. F f:: Ff. Dd. 
: D d. G g, &c. Let there allo be more mean Proporti- 
onals drawn from the middle of each Subdiviſion I E, 
FD, DG, &c. and fo on, till theſe Parallel Lines grow- 
ing very numerous, have at laſt but a very ſmall di- 
ſtance from each other; then imagine a Curve Line 
drawn thro' all the Extremities of theſe Parallels as e ou 
j4g ba: by this means you will gain a Line, whoſe pro- 
perties are very conſiderable and its uſes equally great, 
as ſhall be ſhewn in its Proper Place. | 

27. If this Figure were drawn on a very large Table 
and with all requiſite Exactneſs; each part 4B, BC, &c. 
might be divided not only into an 100 or loc, but e- 
ven into 100-0, Ioo000 equal Parts and more. So that 
Az being iooco, AC would be 20co000, A D 3900000, 
Cc. as muſt always be an Arithmetical Progreiſion. 

28. The Line Ee being ſuppos'd to contain 10, 
000 Parts; let us imagine thro' each of thoſe Diviu- 
ons a Parallel to be drawn to the Line A E cutting the 
Curve in ſo many Points. v. gr. Let the Line 79. be 
drawn thro' the Diviſion 99co of, the Line Ze and 
which cuts the Curve in the Point o. Let there be al- 
ſo ſuppoſed the Parallel (to Ze) O, cutting the Line 
AE in the Diviſion 299563. Then any one may know 
that 399552 is the Logarithm of the Number ggogo, In 
like manner if Su paſs d thro the Divition gcoogf the 
Line Ee, and the Line uV were drawn cutting AE in 
395424 then would that Line x / be the Logarithm ot 
9000, Bo, N 29. SJ 


| 
| 
| 
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29. So that by this means a Table of Logarithms 
from 1 to lo, oc may eaſily be made; and farther by 
producing the Line AE. | | 
30. Note, to obtain all the Logarithms from 1 to 10, 
eco; Twill be enough to ſeek the Logarithms from 
Icco to 10000; That is (having drawn the Parallel 
4t) to take the Logarithms of all the Diviſions from: 
to e, which Logarithms are all contained between E and 
D. For by this you will have the Logarithms of all the 
Parts that are between t and E; and whole Logarithms 
lye between D and A: For Example, ſince O is 99co 
Parts, and its Eogarithm 399563; the ſame Number 
may be taken for the Logarithm of 950 which is Nn; 
as alſo of the Number Ty 99, changing only the firſt 
Figure 3. Becauſe according to the com poſition of this 
Line o or N Tought to be equal to E Dor DC, as any 
one may eaſily Prove. So that ON or N will contain 
loo, cco and becauſe AO is 399563, ſubſtracting 0 N 
1c0,000;there will remain 299563 for AN. from whence 
alſo taking ioc, oco, there will reft 199563 for A r. And 
after the ſame manner, having AT 395424 for the Lo- 
garithm of Vu which is g0oo you may have alſo 095424 
for the Logarithm of & x which is 9. Or 195424 for the 
Logarithm of go, or 295424 for the Logarithim of goo, 
31. All this may be reduced to Practice for Calculati- 
on, without actually drawing theſe Figures, but only 
Imagining them to be drawn. For by the Rules of 
Common Arithmetick we may find out Ff, the mean 
Proportional between D d and Fe, and after that, ano- 
ther Mean between Y d and Ff, or between Ff and Ee, 
&c. But what we have here explained is ſufficient 
to gain as much Knowledge as is neceſſary for us to have 


of the Nature and Competition of Logarithms: There 
being no need for us to undergo. the Labour of Calcula- 
ting Tables of Logarithms, ſince it's already io well and 
fo often done to our Hands. God, for the publick Good 


having raifed ſome Verſons, whom he was pleaſed to 


endow with ſufficient Patience to ſurmount ſo tedious 


and laborious a Work, as one would think to be inſu- 


0 
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perable. For we know that above 20 Men were en- 
gag d in ſuch a Calculation for above 20 Years together 
with indefa tigable Induftry and Aſſiduit r. 
(Pardie ſpeaks here a little Covertly, ſleming willing to 
Inſinuate that this mo uſeful and admirable Work was done 


fritin his own Country 5 whereas the Logarithms were the 


Invention of my Lord. Neper a Scotch Baron, and the firſt 
Tables were Calculated by him, with the Aſſiſtauce of our 


Cauntry-man Mr. Henry Briggs.) 


32. Belides theſe two kinds of Progreſſions, there is 
alſo a third which is call'd #armonzical or Muſical: Where 
three Terms being taken, which immediately follow one - 
another, it is found that the greateſt is to the leaſt:: as the 
difference between the greateſt and the middle one, is to 
the diference- between the middle one and the leaſt, as 
30. 2c. 15. 12, Cc. are in ſuch an Harmonicator Mufical 
Progreſion. For taking 30, 20 and 15. the difference be- 
tween zo and 20 is 10, and the difference between 20 
and 15 8 5. But 10. 5: : 30. 15. Therefore theſe are in 
Muſical Progreſſion. in di 

33. This Progreſſion may be diminiſhed lufinitely, 


but canmt be encreas d ſo. 3 


Mh is here ſaid of this kind of Progreſſion ha 
ino greg uſe; And I dont deſign here to meddle with 


4 uncomnon and extraordinary things. 


But 47 in the further proſecution of theſe Ele- 
te ments, 1 ſhall take notice of ſome properties ot this 


kind of lxogreſſion very well worth obſerving: Be- 


« cauſe: the; will give us ſome Light into what we 
© have of th Muſick of the Ancients, __ which we 
are yet nuch in the Dark. There ſhall be Demon- 
« ſtrated the Relation that the Hyperbola hath to this 


«kind of Prigreſtion. For as a Rectilineal Angle is 


© ſybſervientto the finding out as many Arithmetical 
« Means as o will, between two given Quantitiesz and 
« as that Cuye Line, which we have above deſcribed 
« for the Logrithms ferves us alſo to diſcover as many 
* Geometrical Means as we pleaſe between two given 
* Quantities; p it ſhall then be ſhewed, that the Hy- 

Ly 7 | EE G 4 6 perbola 
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**-perbola ill help to find out between two given Quan- 
c tities as many Harmonical Means. 

34. There is alſo a Progreſſion of Squares, Cubes, 
Biquadrates, Sur - ſolids, Quadrato- Cubes, Cc. as 1. 4. 
9. 16. 25. 36, Oc. which are all Squares, whoſe Roots 
ate the natural Numbers 1. 2. 3. 4. 5+ 6, Oc. ſo allo 1. 8. 
27. 64. 125. 216. are the Cubes of the ſame Numbers. 
Allo 1. 16. 81. 256. 62 5. 1296, Cc. are the Biquad rates 
of thoſe Numbers. | 
35. In a Progreſſion of Squares where o. is the firſt 
Term as ©. 1. 4. 9. 16, Cc. The Sum of all the Terms is 
greater than the third Part of the Product of the laſt Term 
multiplied by the Number of all the Terms; And this 
exceſs above the third Part, is always ſo much leſ by 
how much the Number of the Terms is greater. 

So in a Progreſhon of Cubes the Sum of all the Terms 
is greater than the fourth, as before: And in a Prq;reſ- 
fon of Biquadrate Numbers, tis greater than the fifth 
Part, and ſo on in the reſt. To prove which, it vill be 
ſufficient to bring an Induction of particulars, as nay be 
ſeen in this Table where the ſecond Row corrains a 
Progreſtion of Squares from o. and the third ſh:ws you 


| I [ O O $ o | | | 
24 1:2: Tori 5 
3 4] 5] 12 |+fo0r4 +4 
4] 21141 36 Tor +54 / 
511630 80 [Kor +44 
[$S]25]5S] 150 [Cor +54 
17136191] 252 [ or 25 


the Sum of the Terms. v. gr. You may fe here that 
the Sum of the Terms from o. to 9. is 14. The fourth 
Rank contains the Product of each Term nultiplied by 
the Number of the Terms from it to o. which Num- 
ber is put down in the firſt Rank; thus 35s the Product 
of g. multiplied by 4. The fifth Rank hth the Fracti- 
ons exhibiting the Proportions of the Numbers = 10 
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third and fourth Rows: as right againſt 14 and 36 you 
have r: by which Fraction we would ſhew that 14 is to 


36 2: as 7. is to 18. and that the Sum of the Terms, 14. is 


1 the Product of 9. multiplied by 4. v. 36: : as 7. is to 
18. é | 

Moreover in the ſame fifth Row after +7 you ſee alſo 
theſe Characters (or uy +{) by which we mean that 
7x Is as much as 4 add -—x+ Becaule in reality +7 
are the ſame thing as 21 , that is as + +4, 


that the Sum 14 is one third of the Produtt 36, and... 


over and above contains i of it. 
So alſo it will be found that 30. which is the Sum of 
the Terms to 16 is more than the third of So. which is 


the Product of 16 by 5. And that the Exceſs is ;; 


For 45 are ꝗ or 24 or g or laſtly, * ;. But 
is not ſo great as 2: So that we ſee in the Continu- 
ation of this Table, that theſe Exceſſes which are above 


the third Part of the aforeſaid Product do continually 


decreaſe, as the Number of tlie Terms increaſes: For 


theſe Exceſſes will be 2 +4 34 54 A 1 Cc. The Deno- 
minator of the Fraction always encrealing by the Num- 


ber ſix. T 
36. If ſuch a Table were made for Cubes, it would 
be found that the Fractions which are the Exceſſes above 
the fourth Part (as before) would alſo continually de- 
creaſe in value, their Denominator encreaſing by 4 as 
often as any new Term ſhould be added to the Progre(- 
ſion. And thus it will be found to be in all other Pro- 
greſſions (of theſe kinds) if ſuch like Tables be made; 
as was ſaid in General, in the Precedent Propoſition. 
All which are of great uſe in the ſubſequent Parts of 
Geometry: Where we ſhall treat allo of many o- 


ther kinds of Progreſſions. 


BOOK 


BOOK IX. 
Problems or PraQtical Geometry, 


Hat Propoſition is ca!l'd a Problem in (Ge- 
ometry) which teaches us how to do any 
thing, and demonſtrates alſo the Practice 
of it: Whereas Theorems are Specula- 
tive Propoſitions, in which are conſi- 

2 'd the Affections and Properties of things already 
* 

| e en Point a in the Line c ab io erett 4 Per- 

Pendien lar. ake, each way, from the Point 4 the two 

equal Parts 4c and 46 (it matters not whether they be 
great or ſmall provided they be but 
equal). Then open the Compaſſes a 
little more, and on the Points b and c, 
as on Centres, ſtrike over the Point 
4, two little fimilar Arks, croſ- 
ling each other in the Paint d. Then 
lay a Ruler ta the Points g and d, and 
draw the Line 4a, it will be the, Per- 

_ pendicular requir'd ( K. 19 

3. From a Point g d to let fall a 
war to the Line bac. On Has as a Centre ſtrike 
Ark of a Circle cutting the given Line in the two 
Points b and c: Then with the ſame opening of the 

. Compaſſes ſtrike, below the Line, two ſmall obſcure 

Arks eroffing each other in the Point e. Draw the Line 


de, which ſhall be the Perpendicular required. (2. 16.) 
4. When 


1. | 
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4. When the given Points à or d are near the end, or 
ſide of your Paper, or the Surface on which you work, 
where the Figure ought to be drawn : ſo that you cannot 
come to take a reaſonable diſtance beyond the Point a; as 
you could in the precedingCaſe, 
where it was near the middle of 
the Line; but we now ſuppoſe it 
be to near to the end. Then 
you muſt proceed thus. If the — 
Point 4 be given in the Line, D 
take any Point as you pleaſe 
towards e, and from thence as on a Centre, draw a 
Circle which ſhall paſs thro' « and allo cut the given 
Line in 6, Then from & thro' e, draw the Diameter 
bed cutting the Circle in 4. The Line d ſhall be a 
Perpendicular to b 2 (4. 14.) | f 

But if che Point 4 were given without the Line (any 

were either above or below it) draw a Line at Pleaſure 
as d b and from the middle of that Line (e) draw a Cir- 
cle which ſhall cut the Line 54 in 4: Then will 42 be 
the Perpendicular required. (4. 14.) 59 
5. From 4 Point giuen to draw 4 Pwallel 10 4 Line gi- 
ven. Let the Line given be 20, and the Point c, thro 
which the Parallel is to be | 
drawn, On the Point c as _ 
on a Centre ſtrike the K. ::: 
of a Circle cutting the Line 
en in the Point a: Then —- — 
ſet the Foot of the Com- © b | 
paſſes down any where (at 4 
a good diftance from 4) in the given Line, as at 6, and 
keeping them at the ſame diſtance as before ſtrike the 
Ark d: Then take in the Compaſſes the Length 26, 
and putting one foot in c draw an Ark cutting the other 
in the Point d. Lay a Ruler thro” cand d, and you wall 
draw the Line cd Parallel to 4b. For the Quadrilate- 
ral Figure 4 46 hath its oppoſite fides, equal by the 
conſtruction, and conſequenrly is a Parallelogram, by 
the converſe of the gth rrop. of the third 1 N 
9 RS e ween 


— — — Cw . n - 
* 
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6. Between two Lines given a e and e c 10 find 4 nean 
b £1 Proportional. Place the two Lines gi- 
ven ſo that they may make but one 
Right- line as zec which Biſect in 7, 
and on that Point f deſcribe the Circle 
abc, Then erect the Perpendicular 
eb cutting the Circumference in the 
Point 6; which ſhall be the mean re- 
-quired; for 3 e. e b:: e b. ec. (6. 66.) 
7. To make à Square equal to 4 Rectangle given. Find 
a mean Proportional between the ſides of the Rectangle 
and the Square of that hall be equal to the Rectangle. 
8. To three Right-lines given, to find a fourth Proporti- 
| onal. Le: the three Lines given be 4 4, 
de and ab, ſet ad on 4b and let de be 


Aa | 
* ſet tranſverſely ſo as to make an Angle 
| with ad, and join ae ſo as to make the 
4 Fig Triangle aed; produce 4e toc, and 
| thro? b, draw bc Parallel to e d. I ſay 
c 5 bc is the fourth Proportional ſought: 


| For 2 d. de:: 4 b. be. (6. 43.) 82 
9. To make a Rectangled Parallelogram a d, equal to a Tri- 
| | anglegivenacb. Thro' the Top 
or Vertex of the Triangle e draw 
a Line Parallel to theBaſe a band 
make aRedangle on half theBaſe 
ab, having the ſame height with 
the Triangle given, that Rectan- 
gle ſhall be equal to the Triangle: 
| Becauſe one on the whole Baſes h 
and between the ſame Parallels with the Triangle, would 
be double to it by 3. 18. | tt: 3 
10. A Kedtangle being given to make another Rectangle 
a þ equal to it which ſhall have à length given. Let 
41) e the Rectangle given be 2c and let it be requi- 
e fred to make another equal to it, the length of 
- Wl one of whoſe ſides ſhall be the Line ef ; here 


are now 3 Lines given, viz..4b and bc (which 
ʒare the ſides of the Rectangle given) and ef, 
72 which 
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_ which muſt be one fide of the Rectangle required. 
Therefore a fourth Line muft be ſought, which ſhall be 
the other {ide of the Rectangle ſought ; Which is done 
by finding a fourth Proportional to the three given Lines 
($-8.) which let be eh. So that ef. 40:2 20 c. e he and 
then I ſay the Rectangle fh is equal to 4%, and is the 
Rectangle requir'd, (6. 27.) 
11. To Square ary Polygon whatever, Reduce the Po- 
1ygon into I riangles (3. 22.) and make ReQangles ſe- 
yerally equal to each of thoſe Triangles (9. 9.) and or- 
der it ſo that thoſe Rectangles may have all the ſame 
length (9. 10.) Then join all thoſe ReQangles together 
ſo as to make one great one, equal to them all;z and 
any make a Square equal to that Rectangle (9. 7.) and 
tis done. | 
12. To divide 4 Circle into four and into 6, and all Arks 
into two equal Parts. To divide it 9 
into four Parts draw two Lines as 
dac and Bae at Right- angles to 
each other. To divide it into eight 
Parts; Biſſect the four Arks Be. ce, 
&c. which is done by ſtriking (with- 
out the Ark Bc) two other Arks, 
with the. ſame opening of the com- "ol 
paſſes, from the Points B and C, for 
if a Line be drawn, from the Point where thoſe Arks 
croſs each other, to the Centre a, it ſhall Biſſect the 
Ark BC. The like is to be done for the other Arks. 
To divide a Circle into ſix equal parts; you need on- 
ly take the length of the Radius: and applying it 
fix times about the Circle, it will exactly divide the 
Circumference into ſix equal Parts, and thus by a new 


Biſſection, may a Circle be divided into 12, 24, of neo 


48 equal Parts, &c. — 
13. To divide 4 Circle into five, into fifteen, and into 
other Equal Parts. This may be done thus; (as I de- 
monſtrate in Algebra.) Make a Rectangle Triangle, 
one of whoſe Legs ſhall be the Radius of the Circle and 
the other half the Radius. From the . 


> Vs —— 
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this Triangle, take half the Radius; the remainder 
ſhall be the Chord of 36 dep. and the fide of a Decagon. 
Double that Ark, you have the Ark of 72 deg. (toboſe 
Chord in the ſide of a Pentagone) and it is the fifch part of 
the Circumference; and the ſaid Chord ſhall be alſo the 
Hypothenuſe of a Rettangle Triangle, one of whoſe 
tides is the Radius and the other the tide of a Decagon. 
And as by the laſt was found the Chord of 60 deg, ſo by 
Subſtracting the Chord of 36 deg. from 60 deg. you 
may. have the Chord of 24 45 which is the 15 
part of the Circumference. But for Practice, the ſhor- 
teſt and ſureſt way, is by repeated Trials with the Com- 
paſſes to find a Diſtance that will go preciſely five times 
about the Circle: Then divide, after the ſame manner 
(by Tryals) that diſtance into three equal parts exact - 
Iy ; So ſhall you gain a Chord that will divide the Cir- 
cumference into 15 equal Parts, and then dividing each 
of thoſe 15 Chords into fonr equals Parts, and each of 
thoſe into ſix ; you will divide the whole Circumference 
into 360 deg. And this Diviſion is moſt Commodious 
For Practice and Uſe. Note, that the way to divide a 
Circle into 3, 5; 7, or into any other odd Number of 
Parts is not yet found Geometrically ; . I 
835 N is, by making Uſe only of a ftrait Line and a 

ircle. | | 

« This Diviſion of a Circle into 360 deg. is very uſe- 
«ful, when a Perſon underſtands how to uſe the Com- 

e « paſſes of Proportion (or Se- 
« For), Tis ſo called becauſe 
«tis a kind of Compaſſes 
9 with broad Legs: as 4 B. a C 

4 on which are defcribed di- 
« yers Lines and Diviſions; 
| «© But thoſe which are moft 

Sx | jn uſe, are of two ſorts. 
On one ſide of this Sector, and on each Leg, is a Line 
* l 4e C, 9 —5 _ ed divide a Circle into 
3680 dep. at once, allo to take at any time as many 
hy Degrees as you pleaſe. And this Line on the Sector 
s thus divided. 17 


14. To 


13. To divide and grudunte the Sector, that it may ſerve 
for the Divifion u Cirele. Imagine a Semicircle 2 E D'B 
accurately divided into 180 deg. if then from the Point 
25 as from a Centre, you transfer the Diviſions of the 
Semicircle into the Line 2 B. v. gr. If from E, 60 eg. 
dub the Ark Ee, and if from P, go deg. in the 
Semicircle, you draw the Ark Dd, &c. Then ought 
So deg. on that Leg of the Sector, to be placed at the 
Pointe, and po deg. at the Point d, Oc. And it you 
Transfer the ſame Degrees atter the ſame manner into 


the other Leg aC, you will graduate the Lines 45 and 


4 C (on the Sector) as they ought to be for this purpoſe; 
and they will be two Similar Lines of Chord. 
15. Jo explain 'the Uſe of the Sector as far as it ſerves 
for the Diviſion of à Circle. Let there be a Circle given 
Af. take with your "Compaſſes the Radius Af and 
(keeping that diſtance) ſet one Foot of them ine or 60 deg. 
on one Leg of the Sector; move the other Leg of t 
Sector to and fro ſo long, till the other Point of the 
Compaſſes falls exactly on e or 60 deg; in that Leg of the 
Sector: So that the Diſtance ee be exactly equal to the 
Radius Af, Then if you would have readily go deg· of 
that Circle; (Lerting the Sector he ſtill, and always keep- 
ing the {ome Angle). Open your Compaſſes till the 
Points fall exactly on d and d or ↄodeg. and go deg. on 
each Leg of the Sector: And then that diſtance trans- 
ferr ed into the Circle, in Fg, gives you the Ark of 
90 Aeg. fg. So alſo if ou would have had 35 deg. you 
need only apply your Compaſſes to 35 deg. and 35 deg. 
on each Leg of the Sector in the Lines (of Chords) 4B 
and a C; and that diſtante transferr'd into the Circle, 
"ſhall cut off the Ark of 35 deg. and thus may you pro- 
ceed to find any Degrees you pleaſe. All Which is 
grounded on the 42, 33, 49 and 50 Propoſitions of the 
VI Book, For ſince all Circles are ſimilar Figures, (6. 


50.) the Chord fg vill be to the Radius f A+ 52s the 


Chord dd to the Radius e ex: that is, as 4d is to de. 


No- th plainrom what hath been prov'd elſewhere, 
that the Triangles 24 d and ace are Similar; and _ 


Bock IX. of GromeTRY. © 95 


„ OE TR 


96 PAR DIES ELEMENTS Book IX. 


fore dd. ee :: ad. ae. But dd is by the Conftruftion 
7 e. and ee to Af. wherefore fg. Af: 4d. ac. 
in” To divide the Line of Equal Parts or Lines on the 
Sector, for the Diviſion of any y —e Free iven. There 
being two Right-lines drawn from the Centre of the 
Sector on the Legs as a Band aC: Let each be divided 
into 100 or 200 equal Parts: And then they will ſerve 
| to divide any Line given inte any 
Number of equal Parts; As for 


WG upd 4 Inftance, let the Line given be cb, 
and that you were required to take 
055 parts of it. Now to divide the 


— Whole Line cb into 97 equal Parts 
18 and then to take 25 of them ac- 
cord ing to the Common way of dividing Lines, would 
be very tedious : But by the Sector tis done eaſily and 
ſpeedily. thus, take the length of the whole Line c 6 
in your Compaſles and fit, or apply it over in your Sector 
between 97 and 97 in each Leg, from B, ſuppoſe to C. 
Then letting the Sector lie open'd at that Angle, take 
in your Compaſſes the diſtance between 25 and 25 in 
each Leg or between e and e which transfer into the gi- 
ven Line from to f; ſo ſhall hf be juſt 25 of the whole 
Line c: As is plain from the Triangles ABCand Aee 
being Similar. oe f 
17. n 4 Line given to make an Angle that ſhall contain 
7. g bel . any Number of Degrees 
Ar. Let the Line gi 
ven be ac, on which tis re- 
quired to make an Angle of 
3o deg. From the Point 4 
— c as from a Centre ſtrike the 
2 > bps Ark fe, from which take 
by the Sector, or otherwiſe, 30 deg. from e to f; then 
- thro'f draw the Line af which with the Line 4c will 
make an Angle of 30 deg, | 1 


6. * 
"BOY 
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18. Having the Angle of any Triangle and one fide gi- 
ven to find the other two ſides. Suppoſe you are told there 
is a certain Triangle ſome where, whoſe Baſe 4C'is 10 
Fathom ; and that the two Angles at the Baſe are ACB. 
150 deg. and C AB 20 deg. (and conſequently the re- 
m—_— Angle at the Vertex or Top muſt be 10 deg. 
for the Sum of 1 50, 20 and \©, is juſt 180 deg. which is 
two Right- angles.) You are required to tell how many 


dd 
Fathom there are in the other ſides 4A Band AC. Make 
on Paper, or rather on fine Paſtboard, a Triangle 46 c Si- 
milar to the propos'd one after this manner. Take a Baſe 
at pleaſure 2c and from = Scale of equal Parts let it be 
c 


10 Inches, half Inches, Cc. in Length. On this Line 
4c make two Angles, one c 4b of 20 deg. and the other 
ach of 150 (9. 17.) Then will the two Lines 4c and 
cb croſs one another when produced in the Point 6, 
Then meaſure (on the ſame Scale you took the Baſe a c 
om) how many Inches, &c. the Lines abandcb are in 
ngth i And you may be aſſured that there are. juſt ſo 
many Fathom in the Lines A B and CB ſoughit, as you find 
Inches, c. or any equal Parts, in the Lines 4b and cb. 
For ſince the Triangles are Equiangular, they are Simi- 

lar and therefore 3c. 46: : AC. AB, &c. 
19. To Meaſure Diſtancet, Heights, Depths, and in 
General, the Magnitudes and * all _—_— , 
"> 4 nac* 
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Inacceſſible Places. If on the top of any Hill appearing 
at a diſtance there were a Tower as B E and its diſtance 


from us and its Height were required: You muſt firſt 
with tome Jaihument (as with a Quadrant, that is the 
tourth Part of a Circle divided into go deg. and furniſh'd 
with a Ruler, or Label with Sights, and moveable on the 
Centre) you muſt I ſay with ſome ſuch Inſtrument, take 
two Angles at two ſeveral Stations in this manner; If 
you are in the Station 4, place your Inſtrument ſo, that 
one tide of it may anſwer exactly to the Horizontal 
Line AD; and keep it without railing or depreſſing it 
in this Poſition. Then place your Eye at A, (that is, at 
the Centre of the Inſtrument,) and turn the Label till it 
Point to the Top of the Tewer B, and that looking thro' 
theSights you can ſce the top ot the Tower exact; then 
will the Label cut in the Limb of the Quadrant the 
Degrees of the Angle BA D, for the Limb is ſuppos'd | 
to be graduated for this purpoſe. Then change your 
Station, moving in a Right-line forwards 10 Fathom 
(or it. might have been any other Diſtance, aud back- 
ward as well as forward) to C. and there take after the 
ſame manner the Angle BCD: By which means you 
will have alſo the Angle BC A, becauſe thoſe two toge · 
ther make 180 deg. or two Right ones. So that in the | 
Triangle AC Byou have now found the Baſe. 4C which 
is 10 Fathom, and alſo the two Angles at the _ ; 

n 
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and conſequently the ſides CB and AB may be known 
(9. 18.) And then you may have the Height D B or the 
diſtance A D, if you make a little Triangle Similar to 
that, and there from the Point þ let fall a Perpendicular 
bd to the Bale Line AC continued to d. For B D or 
AD will be juſt as many Fathoms as b d and 44 will be 
equal Parts meaſur'd on the Scale. (as in the laſt) And 
it after you have thus gain'd the Height B D, you find, 
by the ſame method, the Height E D alſo, you may (by 
Fubſtract ing this Altitude from the Former) find the Height 
of the Tower EB. 

N. B. (The common Quadrant with a String and Plummer 
and with the Sights fixt on one of its ſides, is more convenient 
and ready than this of Pardies, which is now out of Ve.) 

Some times inſtead of advancing towards the Tower 
«and of making Obſervations of the Height below; 
« or of thoſe Angles the viſual Rays make with the Ho- 
«© rizontal Line, it is convenient to take two Stations 
© ſideways of each other; But it comes all to the ſame 
« and the Practices in reality are not at all different, 

„And by this means, as any one may ſee, may all 
« imaginable Heights and Diſtances and other Dimen- 


« tions be taken; provided we can but come to obſerve 


« their Extremities, from two different Places. I ſhall 
“not ſtay now todeſcribe the Particular ways of doing 
« this; nor to enumerate the great Advantages that 
« would accrue from the uſe of Teloſcopical Sights 
« fixt on the Label, or on the fide of the Inſtrument 
«uſed in taking Angles which indeed is an Invention of 
« ineſtimable Benefit to Surveyors. 

20. To take the Plane of any Place, Let ABC DE be 
a City, or any other Place, and you were required to 

take the Plane, and to make a 


Draught of it. Take all the A 7 
Lengths of its ſides, and of 3 b 
Lines drawn from Angle to An- E e c 
gle : And transfer all theſe up- c * | 
D 
3 on; 


on Paper, laying them doun ac- 
cording to their true . 
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on; For Inftance, having found AB to be 30 Paces BC 

to be 59 CD to be 50: BE to 

1 be 67, and AE 49, Cc. and ha- 

ving ready drawn on Paper a 

B h plain Scale divided into 160 e- 

E. e c qual Parts. Make the Line 40 

2 30 of ſuch Parts; be, 67; and 

4 ae, 49; then thoſe Lines drawn 

D and join'd together will make the 

EE Triangle a be every way Similar 

to tne Triangle ABE. And it you go on thus and 

make the Triangle 5e Similar to BEC, Cc. you will 

form the Figure abc dc every way Similar to the Plane 
of the Place ABCDE. 

21. But if you cannot get into the Place toSurvey it and 
to Meaſure the diſtance between the Angles EBand EC, 
vou muſt take the ſeveral Angles of the Plane, and transfer 
them into your Draught ; ſo that if the Angle B AE be 66 

deg. the Angle a emuſt alſo be 664eg.and lo of all the reſt. 

22. To make a draug ht of any City or Country. Aſcend 
up into any two elevated Places from whence you can 
plainly ſee the City or Country whoſe Delineation you 
would make. And having with you a Quadrant, whole 
Circle,or Semicircle well divided into Degrees, together 


with its Label (with Sights) upon its Centre: Place 
your Inſtrument at A, and fo that one of its ſides may 
| ly* 
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lye in a Line between A and B, which done, and the In- 
ſtrument fixt there, obſerve the ſeveral Steeples, emi- 
nent Houſes, Towers, Hills and all other Remarkable 
Places as E DC, Cc. and take their Angles with the Label 
and Sights, and write them ail down to help your Memory. 
Thus, let theAngleC A Bbe 5cdeg. zomin. the AngleD A B 
45deg. Smin. &c. Proceed after the ſame manner at the Sta- 
ation Eʒnoting down the Angle 4 BC to be 40 deg. iomin. 
the Angle AB D 47 deg. 28 min. &c. After which draw on 
Paper any Line at Plraſure as a band make at each end 
of it Angles equal to thoſe which you found «© a equal 
CAB, dab equal to D AB and a c equal to ABC, &c. 
and by this means you will have the Points e, d and e, &c. 
which will be in the ſame Poſition to one another as the 
Steeples, or other eminent Places C DE, &c. are. And 
thus having drawn the moſt Conſpicuous and Principal 
Places the reſt may eaſily be taken by the Eye. But to 
make this Operation very Exact, cis convenient to take 
the Angles alſo at a third or fourth Station, and then it 
they all agree, any one will know that the Work was 
well done. 

23. Having the two fil's of a Triangle and the Angle 
between them given, 10 find the third Side and the two 
orber Angles ... ... 

24. Having two ſides, and an Angle oppoſite to one of rhem 

iven to find the other Side and rhe remaining Angle 

25. Allthe Angles and one [:4e given to ſind the ve... 

28. be three ſides being given to findthe Aug les 

All which may eatily be tourd by drawing on Paper a 
Triangle Similar to that whoſe Sides or Angles are in 
part ſought. 

27. To meaſure the Area, (that is) the Capacity of, 
or {pace contain'd in any Right-line Lriangle given abc. 
From the Top 6 let fall a Perpendicular 64 to the Baſe 
a 6, (produced it there be occation.) Then divide ac 
into 10, (or any other qua] Parts you pleaſe) and find 
how many fuch parts ar- containzd in bd, for then 
- multiplying the half of 4 by 10, you will have the 
Area of the Triangle (3. 15.) as if 4% contains fout 

| H 2 inch 
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ſuch parts of which 4c contains 10. You multiply to 
by 2 (half of 4) and the Pro- 
duct will be 20: which is 
the Area of the Triangle 
abc. That is, the Triangle 

FE ag c contains as much ſpace, as 20 
little Squares do, whoſe Root or Side is the 1oth part of 
the Line 4c. | | 

With Regard to Practice, there it no method eafter nor 
exacter than this: (Only there is no need of actually Di- 
riding 2c into 10 or any other number of Parts as a- 
bove: For having a good Diagonal Scale, you need 
only meaſure there the length of the Baſe and Per - 
pendicular ; and then multiplying one by the other, 
half the Product is the Area; or half one, Multiplied 
by the other, is the Area) 

But in ſome certain Caſes tis neceſſary to know how to 
Meaſure theſe things to ſuch a Degree of Exactneſſ as cannot 
be attained, but by means of Calculation: And therefore I 
thall here give you the Principles, on which all that Art depends. 

28. Ina Rectangle Trianglca bd, two ſides being given; 
to find the Third, ty Calculation. 

Let the Leg bd be 3 Fathom, (See the laſt Figure) 
and the Leg 44 4 Fathom, multiply 3 by 3, and 4 by 
4, and you will produce the two Squares, 9 and 16, The 
ſumm of which two Squares is equal to the Square of the 
An 4 b; (6. 61.)andconſequently the Square of 
46 is 9 added to 16, 1. e. 25. And therefore to find 
26 J need only extract the fide or ſquare Root of 25 
which is 5: and I conclude 40 to be 5 Fathom. 

If the Hypothenuſe 45 5 be given, with the fide 44 
4, you mutt then ſubſtract the Square 16 from the 
Square 25, there will remain 9, whoſe Square Root 3, 
is. the Leg 4 ſonght, But it often happens that the 
two Squares of the Legs added together, do not make 
a ſquare Number; and alſo as often, the ſquare of the 
one Leg ſubſtratted from the ſquare of the Hypothe- 
nuſe doth not leave a ſquare Number: as if the Legs 
had been 2 and 3, their ſquares had been 4 wot 1 
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whoſe ſumm is 13. But 13 is not a ſquare number, 
and conſequently can have no exact Root, neverthe- 
leſs there are numbers which will come near it. As 
3. is pretty near the Root of 13, for 33 multiplied 
by it ſelf, makes 13 within „; part: fo that the fide 26, 
in this cale , would be 3} and a little more, 

1 don't ſbew here the way of Extratting th? ſquare Root: 
becatſe tis a Rule in Arithmenick, cf which I dont Ire n here. 
-. 29.16 Calculate the Tangein, Secam, and Sine of 30 de- 

gree:, Let ba be the Radius or whole Sine, ad the Se- 
cant of 3o degrees, b d the Tangent, and ce the fine of 
the ame ſame Ark, *Tis ealſie to lee that 44, here i: 
the Jalf of 4d, For drawing 4g 


another Secant of 30 degrees, the 1 £4 
Trimgle ag d will be equilateral 4 5 7 
beciuſe each Angle g, 4, and g 4 d F NU7E. 


vill be 60 deg. wherefore b { be- 
ing half of g 4 muſt alſo be the 
hal 2 4. And for the ſame Rea- 
ſors ce will be the half of 4c. Sup- 
poing then in the Rectangle Triangle zee the Hypo- 
thetuſe ac be 2, and the fide e c 1, therefore taking the 
ſquæe 1, from the ſquare 4, there remains 3, which 
is equal to the ſquare of the ſide 4e, which is equal to 
oc, he tine of the Ark ci, or Cg degrees, 
Bit now if inſtead of taking 2 and 1, for ac and e c, 
you fake, 10c0000 and oc , and ſubſtract the la- 
ter from the former, there will remain 750,000,000,cc0 
v hoſe ſquare Root is very near 8660 25, for ae or oc, 
he inc of 60 degr. ; 
30. Hence knowing e c the Kight-Sine of any Angle, co 
the Size Complemem, or Co- ſine, of that Angle is known. 
The Complement of any Angle or Ark is u hat it wants 
of go leg. thus having the Angle cab, 30 deg. us 
Compement ca i, 60 dep. is alſo known, by Subſtract ing 
30 fron go, And its Sine is found by the precedent. 
31. Knowing e c the Sine of any Angie and COoraens 
Sine Cimplement to ſind the Tar gent vd and the Secant à d. 
Since the Triangles a ec and 464 are Similar it follows, 
| | H 4 that 
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that, 3e. e c:: 4 b. bd. and conſequently the Tangent is 
found; Alſo, as 4e.4c:; 4 b. 2 d. and therefore the Se- 
cant is found, and the Ark b being 30 deg. the Tangent 
54 will he 577, 350 and the Secant ad 1, 154, 700 ſuch 
parts, as the Radius is ſuppoſed to be divided into. | 
32. Knowing the Sine, Tangent and Secant of any Ark 
bc, to find the Sine, Tangent and Secant of balf that Ark. 
Biſſecting the Ark bc, draw af from the middle Point 
to the Centre and then df. b:: 4 d. 4b. (6. 72.) and 
conſequently bf the Tangent of 15 deg. is found, as al- 
ſo the Sine and Secant of the ſame Ark of 15 deg. Af- 
ter Which by Biſſecting the Ark bf, you may, by theſame 
way, find the Tangent Sine and Secant of 7 deg. 3c min. 
and after that of 3 deg. 45 min. and ſo on as you plea e. 

33. To find ce the Sine d 45 

£1 4's. This is equal to the Coſine 

FU of the ſame Ark of 45 deg. tlat is 

J to ex and conſequently the an- 

4 . gent and Secant of that Ark isalſo 
E 4 ound, and (by the laſt) of its 
half 22 deg. 30 min. and of the 

half of that 11 deg. 15. min. &c. 


34. To find the Sine of 36 deg. Inſcribe a Regular 
Pentagon in the Circle, the Proportion of whole ſide 
to the Radius is known (9. 13.) But that fide i; the 
Chord of 72 deg. and therefore its half will be the ſine 
of half 72 deg. that is of 36 deg, And the ſine of 35 deg. 
being thus known, the Tangent and Secant of the ſame 
Ark are known alſo; And allo the Sine, Tangert and 
Secant of the half of 36 deg. which is the fine of 18 deg. 
And then of g deg. 4 deg. 30 min. 2 deg. 15 min. &c. 

35. Tofind the Sine, Tangent and Secantof 12 deg and of 
the halves 6 deg, 3 deg. 1 deg. 30 min. 45 min. Oc. This 
is done by finding the Chord of 24 deg. which is the fide 
of a regular Polygon of 15 fides (9. 13.) for its half is 
the fine of 12 deg. &c. | 

36. And Collecting all theſe together we ſhal have 
the Sines, Tangent and Secants of the Angles of 45 min. 
of 1 deg. 20 min, of 2 deg.15 min, of 3 deg. 45 min. & 4 deg. 
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30 min. and ſo of all the reſt from 45 min. to 45 min. 

37. To find the Sines, Tangents and Secants of all Arls that 
are between the two Arks thus found from 45 min. to 45 min. 
This is done by the Rule of Proportion: For inftance, 
the natural line of 45 min. being 1308, the ſine of 1 min. 
will be 29. becauſe as 45 min. I min.:: 1308. 29. And 
thus the ſine of 20 min. u ill be 581. 

So allo to gain the tine of 3 deg. 20 min. you mult 
Work thus; having the line of 3 deg. 5233. 9. 35.) as 
alſo the fine of 3 deg. 45 min. which in 6540. (5. 32.) 
tis manifeſt that thele 45 min. which are between 3 deg. 
and 3 deg. 45. have for their fine 1397 for Subftracting, 
5233 the fine of 3 deg. from 5540 the fine of 3 deg. 45 mire. 
There remains 1307. If therefore you would have the 
fine of 3 deg. 30 min. you muſt ſay, 

If 45 min. (the difference between 3 deg. and 3 det. 
45) have for their fine 1307; what ſhall 30 min. have? 
(which are the difference between 3 dig. and 3 deg. 3: 
min.) the anſwer will be (working by the Golden Rule) 
873. which if added to 5233 will make 61c4 the ſne of 
3 deg. 30 min. And ſo of all others, 

And by this means may Tables of (Natural) Sines, Tan- 
gents and Secants be made, from one Minute to 50 deg. 

Obſerve that by tbe 145} Rule the fines cannot be found ex- 
act iy, becauſe the ſines do not encreaſe in the ſame Properti- 
on as their Arks do; but the difference is ſo very ſmall tha 

you need not Trouble your ſelf to be more exatt. 

38. By the help of ſuch Tables as theſe, Triangles 
may be Calculated ; becauſe tis certain that in all Tri- 
angles, the fides are to one another as the finzs of the 
oppoſite Angles. For Example, In 
the Triangle abc, a Circle being 
drawn which ſhall Circumſcribe it, 
the Perpendiculars ez and e h drawn 
from the Centre to the ſides ſhall 
Biſſect 4b and bc (4. 6.) ſo that a bs 
b6c::4i. bh, But 4115 the fine of the 
Angle 467 or its equal 2cb (4.12.) 5 ä | 
and b# allo is the fine of the Anglef eb or af 5 2c which 

15 
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is equal to it, Wherefore the tides are as the fines of 
the oppolite Angles. Q. E. D. 

39. And upon this Principle, Ruowing one Angle and 
two Sides, or one Side and two Angles you may find the reſt. 
Work by the Golden Ruie and ſay, as one ſide known is to 
the fine of the Oppotite known Angle; ; So is the other 
known fide, to a fourth Number: which will be the 
Angle oppoſite to that other fide. 

Or if two Angles and one fide are given, you muſt 
Work thus, as the fine of one given Angle, is to the 
known fide oppoſite to it: : So 1s the fide of the other 
known Angle to a fourth Term which will be the ſide op- 
poſite to that other Angle, Cc. 

« N. B. By this Axiom, as tis called in Trigonome- 
*'try, that the fines are as the ſines of the oppoſite An- 
„ges; you can only ſolve the three firſt Caſes of Ob- 
* 1;que Triangles; which our Author ſhould have Inti- 
* mated. For when two Sides and the Angle between 
them in an oblique Triangle are given, and either the 
* Oppofite Side, or the other two Angles are re quit d: You 
te muft Work by this Axiom, and firſt find the other An- 
« gles thus: As the Sum of the Legs about the Angle 
« given, is to their Differcnce :: So is the Tangert of 
half the Sum of the other two Angles, to the Tangent 
« of half their difference. Now the Sum of the other 
* two Angles is known, being what the given Angle 
« wants of 180 dep. and their difference is now found, 
£ 2dd therefore their half Sum, and half difference to- 
« gether and it gives you the gre ner of the Trro Angles 
* /5ught ; and half the difference Subſtracted from the 
half Sum leaves the leſſer Angle fought. And thus 
having found the Angles; if the ſide oppoſite to the 
* former given Angle be ſought, it will be found eaſily, 
te by Pardies Axiom that the ſides are as the fines of the 
* Angles. | 

„There is alſo another Caſe in plain oblique Trian- 
£ gles which requires a particular Axiom to ſolve it; 
and that is, where All rhree ſides are given to ſin! the 
* Angles. Here, let fall a Perpendicnlar from any A 995 
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a 
gle to its oppoſite fide as ap. And then ſay, as the fide 
ed c is tod a Sa c the Sum of the 4 4 


ther two Sides :; So is the diffe- a 

t rence of thoſe two Sides d a — : 

Kac to 4 fourth Number. Half 1 X. 
*of which added to: de, gives 5 


&* you the Segment of the Bale 
« 4p; and if Subſtracted from *.4 c,-it will leave th 
« other Segment pc. And when thoſe Segments are 
te thus found, the Angles are eaſily had thus: 4 a. Ra- 
* dizs:: d p. Co- ſine of the Angle d. And ac. Radius:: 
64h c. Co-tine of the Angle C. See a very ſhort and clear 
* Demonſtration of theſe two Axioms in Mr. Caſwells 
© Trigonometry p. 5. 

* And thus you have here a ſhort Compendium of all 
* plain Trigonometry, only Pardie hath not particularly 
&« inſiſted on the ſolution of Right-angled Triangles a- 
part; But tho' it be true thatrheſe Axioms here men- 
© tioned will help us to ſolve all plain Triangles what- 
« ſoever, whether Right or Oblique ; yet tis more con- 
«*yenient to conſider Rectangled ones, as a diſtinct 
«Species by themlelves, as is uſually done in all Trigo- 
* nometrical Books: For in them the Right-angle being 
«* always known, you need have but two Terms given 
«you, to find the reft. And for the Solution of all the 
e ſeven Caſes of ReQangled Triangles you need only 
« Confider,that which fide ſoeyer you make or ſuppoſe to 
te be the Radius, the other two will be either Sines, Tan- 
« zents or Secants. If the Hypothenuſe be made Ra- 
« dius, the Legs will be the ſines of the oppoſite Angles 
« if either of the Legs be made Radius, the Hypothe- 
* nnſe will be the Secant, and the other Leg the Tangent 
*« of the Adjacent Angle, or the Angle at the Centre of 
« the ſuppoſed Circle, as is plain from the following 
“Figure. 

«And therefore in order, to ſolve any of the Caſes of 
„Rectangle Triangles (or indeed of Oblique ones) you 
*are to imagine one Triangle before you given to be 
* refolyed, and another Equal and Similar to it, ſup- 


<« poſed 


4 
| 
. 
4 
j 
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l poſed to be jn the Tables of Logarithms, Sines, Tan- 


« ents, c. and therefore the ſides of theſe two Trian- 
*gles about the equal An- 


„ gles will always be Pro- 
© portional. | 
This therefore (which 
«is the ground of all Tri- 
« gonometry) being ſup- 
© pos'd, vou will cafily ſolve 
* any of the Caſes of Right- 
* angled Triangles ; Thus 
- Let the Hypothenuſe , 

*and B the Baſe be given, and P the Perpendicular be 
ce requir:d. Here in the firſt place J conſider that a 
Length is required, as two Lengths are given; but 
e have never an Angle but the Right one c. 1 muſt firſt 
* therefore find an Angle, tis no matter which of the 
acute Angles I ſeek, for one being known the other 
eis ſo. I will work therefore about the Angle a, in 
* order to find b, and J ſay as the Hypotheauſe 
H, conſiderd as a given Length in the Triangle 
« before me, is to it ſelf contider'd as a Radius in 
*the imaginary Triangle in the Tables :: So is B 
«conlider'd as a given Length, to B in the Tabular Tri- 
angle conſider'd as the Sine of the Angle b. That 
4 js H. R:: B. S, L. Wherefore b is known; and conſe- 
« quently a, as being its complement to go deg. Then 
« knowing 4 I know its Tangent, from the Tables. I 
* will make therefore B the Radius and Work wy Pro- 
c portion about the Right-angle thus; I ay, as conſi- 
te dered as a Radius is to it ſelt conſidered as a Length: 
“So is P conſider'd as the Tangent of the Angle a, to 
be it ſelf conſider'd as a Length, at firſt ſought or requi- 
«red. That is K. B:: I, a. P. And therefore the Lengti 
* of the Perpendicular P will be known, This fourth 
** Caſe of Right-angled Triangles I choſe out from 
among the reſt becauſe tis the moſt diticult of any of 
them; and therefore this being explained, as J hope 
eit is here, there will be no difficulty in ſolving 85 
the 
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the other Caſes. By this Inftance and Explication al- 
*{oyou may get a rational and clear Notion ct all Tri- 
* gonometrical Calculation: Wherefore I doubt not 
* of the Readers Pardon for this long Digreſhon, I 
* returnto our Author. 

40. Theſe Operations are very much ſhortned by the 
Ute of the Logarithims; And therefore care hath been 
taken not only to make Tables ot Natural Sines, Tan- 
gents, Sc. but allo to Calculate the Logarithims of them, 
which you will find in Books Printed right againſt the 
Natural ones. So that inſtead of Multiplication and 
Diviſion, which, with intolerable Labour, muſt be uſed, 
if you Calculate by the Natural Sines and Tangents ; you 
need now only uſe Addition and Subſtraction when you 
work by the Logarichims. As if ia the Triangle ABC 


whoſe Side 4A Cis known, and is 10 Fathom ; the Angle 
ABC's given and is 10 deg. and the Angle CAB, of 
20 deg. is given alſo, the Side BC be required: You 
muſt ſay as the Sine of the Angle B, (which in the Na- 
tural Sines is 17364) is to the Side AC (10 Fathom); 
ſo is the Sine of the Angle 4 (Which in the Tables is 
34202) to the Side fought, CB. To find which fourth 
Number CB by the Rule of Three, you muſt multiply 
the ſecond Term 10, by the third Term 34202, and 
divide the Produtt 342020, by the firſt Term 17364 
which wonld be very tedious, But it inſtead of theſe 

| Natura 
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Natural Numbers you had uſed tlie Logarithms, you 
need only have added the Logarithm of 20 deg. to the 
Logarithm of 10 Fathom and from their Sum ſubſtracted 
the Logarithm of 10 deg. there would have remained 
the Logarithm 1.29438 15 which in the Tables will be 
found to belong to the abſoluthe Number 19; ſo that 
you may conclude the fide BC is 19 Fathom and ſome- 


Sin. Ang. A 20 deg, 945340517 
| Logarith. AC. 1. o οο o 


— 


Their sum. 10. 5340517 
| The Sin. An. B 10 deg. 9.2 396702 
| — 
There Remains * 

That is 19. Fathom. 1.243515 


thing more becauſe the Logarithm found is greater 
than the proper Logarithm of 19 in the Tables. See 
the Work above. 

Books that Treat of Sines and Logarithms do explain this 
matter more particularly and fully ; but I ſuppoſe I have ſaid 
enough here to make any one able to underſtand Calculation, 
without the help of a Maſter : I ſhall alſo in the ſubſequent 
Books -4 Geomi try give you ſome more Propoſitions on this 
Subject. ; | 

2 To find a Right-line that ſhall be very nearly equal to 
the Circumference of 4 Circle. Taking the Tangent of 30 
deg. which is b 4 twelve times, and 
dilpoſing theſe Tangents ſo round 
about the Circle as that they be 
joined (ina Right-line) two and 
two together as you ſee in the Fr 
gure: Where dg is compoſed of 
two Tangents ſo joined each of 
30 min. and ſo is gh and 41, &c. 
By this means you will make a Polygon ot tix Sides whoſe 
Peruneter or Circumference is greater than that 8 = 

cle 
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Circle (4. 27.) And if you take che Sine ce twelve times, 
proceeding as before with the Tangents, you will have 
an inſcribed Polygon of fix Sides whoſe Circumference 
is leſs than that of the Circle. So that taking the Ra- 
dius 46 1, co, oo; bd which 11, 577, 350, taken 
twelve times, that is to fay, 6, 9282co is greater than 
the Circumfereace of the Circle. And ec which is 
scho, coo, taken twelye:times, that is, 6000co0o, is lels 
than the Circumference of the Circle. "Os 

42. But if inftead of taking twelve times the Tan- 
gent and Sine of 30 deg. you take 360 times the Tan- 
gent and Sine of one Degree: That is 17455 and 17452 
you will make two Polygons, the one Circumſcribed 
which will be 5283 800 and greater than the Circle, the 
other Inſcribed 6282720 Which will be leſs than the 
Circle, 

43. Again, let the Radius 10000c0000co be given, 
taking the Tangent and Sine of one Minute 216co0 

times (which is the Number of Minutes in 360 deg.) 
you will have 628318532600 a little greater and 62831- 
3512000 a little leſ than the Circle tor the Tangent of 
one Minute is 29088321, and the Sine of one Minute is 
29088820. And if theſe three Numbers the Radius, 
the Circumſcrib'd Polygon and the Inſcrib'd Polygon, 
be divided by 1:00c00 ; There will remain for the Ra- 
dius 1000000; And the Perimeter of the Circumſcrib'd 
Polygon will be 6,283 18 5 , and the Perimeter of 
the Inſcribed Polygon will be 6253185 5-5-2. So that 
theſe two Perimeters, the one greater and the other leſs 
than the Circle, will differ but by one hundred thou- 

ſandth Part of the Radius, And if you had taken the 
Tangent and Sine of one ſecond, you might have come 
yet vaſtly nearer to an Equality between the Circum- 
{cribed and Inſcribed Polygons. 

44. For Practice, tis uſually ſuppoſed that the Dia- 
Meter is to the Circumference very near as 7 to 22. 
That is, if the Radius be 7, the Circumference will 
nearly be 44 ſuch Parts, and this agrees to what we 
have here deliver'd; for 7. 44:: 100. 623 3. 


47. To 
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45+ To find the Area of the Circle. If the Radius be 
ſuppoled 1coo, the Circumference will be very nearly 
6283: half of which, viz. 3131 being multiplied by 
the Radius 1000, Produces 3141000 for the Area of the 
Circle (4. 31.) But if the Radius be taken in any other 
Meaſure, as ſuppoſe 9 Inches; you muſt ſay as 1000. 3141 
229.1672422. And then Multiplying this aſt Number 


155 5 75 


16-25. which is the Semicircumference by 9, the Ra- 
dius, you will have 173732 for the Area of the Cir- 
cle to that Meaſure. | 

And in my Fudgment tis better to uſe this Proportion of 
1000 t0 3141 than the Common one of 7 10 22. 

46. To find the Solid Content of 4 Parallelepiped or of a 
Cylinder, Multiply the Bale by the Perpendicular Al- 
titude. 

47. To ſind the Content of à Pyramid or Cone. Multi- 
ply the Baſe by one third of the Perpendicular height. 

48. To find the Content of a Sphere. Multiply the 
Surface of one third of the Radius; 3 great Circle by 
= of the Diameter. ² | 
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